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Abstract

In a linear regression model with random design, we consider a family of candidate
models from which we want to select a ‘good’ model for prediction out-of-sample. We fit
the models using block shrinkage estimators, and we focus on the challenging situation
where the number of explanatory variables can be of the same order as sample size
and where the number of candidate models can be much larger than sample size. We
develop an estimator for the out-of-sample predictive performance, and we show that
the empirically best model is asymptotically as good as the truly best model. Using
the estimator corresponding to the empirically best model, we construct a prediction
interval that is approximately valid and short with high probability, i.e., we show that
the actual coverage probability is close to the nominal one and that the length of this
prediction interval is close to the length of the shortest but infeasible prediction interval.
All results hold uniformly over a large class of data-generating processes. These findings
extend results of Leeb (2009, Ann. Stat. 37:2838-2876), where the models are fit using
least-squares estimators, and of Huber (2013), where the models are fit using shrinkage
estimators without block structure.
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1 Introduction

We study the problem of how to find a ‘good’ model for prediction out-of-sample and
how to use this model for designing ‘valid’ and ‘short’ prediction intervals. We assume
that the data are generated from a possibly infinite dimensional linear model where we
impose some technical but rather innocuous assumptions. In contrast to other authors,
we do not impose sparsity on the parameters, and we do not require a special structure
of the covariance matrix. We allow the collection of models to be very large and the
models in our collection to be very complex, i.e., we allow the number of models to
exceed sample size and the number of parameters to be of the same order as sample size.
The models are fit using a block James—Stein estimator. Our results are conditional on
a training sample when we repeatedly predict future observations, i.e., in our analysis
we fix the training data and average over future observations. All the results presented
are finite sample results.

Model selection is a well studied field in statistics. It is also well known that inference
after model selection needs special treatment, i.e., ignoring the selection step and doing
inference as if the model was chosen a priori leads to invalid conclusions because model
selection is usually data-driven and hence random (see e.g. Potscher (1991) or Leeb and
Potscher (2005)). For an overview of model selection procedures and the properties of
post-selection estimators see Leeb and Pétscher (2008).

Berk et al. (2013) propose valid confidence intervals post-model selection regardless
of which model selection procedure was used. Bachoc et al. (2017a) generalize these
results to post-model selection predictors. Both articles consider linear models with
homoscedastic errors. Bachoc et al. (2017b) develop a general framework allowing for
linear models with heteroscedastic errors or binary response models with general link
functions. The results in these papers can not be compared to ours because they are
covering a non-standard and model dependent target. Lee et al. (2015), Lee et al.
(2016) and Tibshirani et al. (2016) (and the references in these papers) focus on the same
target and discuss post-model selection inference in a ‘condition on selection’ framework.
Post-model selection inference on the conventional parameters is covered in Pd&tscher
and Schneider (2010) and Schneider (2016). They consider confidence sets based on
thresholding estimators in Gaussian linear regression models. The papers by Belloni
et al. (2013) and Belloni et al. (2014) as well as by van de Geer et al. (2014) and Zhang
and Zhang (2014) develop valid inference procedures under sparsity conditions. It is
crucial to emphasize that we do not assume sparsity or any special structure of the
unknown parameters. With regard to form and content, this work is closely related to
the paper by Leeb (2009) where the models are fit using least-squares estimators. Here,
we extend these results to a larger class of estimators.

This paper is organized as follows: we give an introduction to the setting and the
framework in Section 2, i.e., we describe the overall model, the collection of candidate
models and how we fit the candidate models using block James—Stein-type shrinkage
estimators. Furthermore, we introduce how we measure the performance of the com-
peting models via the conditional mean-squared prediction error. In Section 3, we deal
with selecting the best model and show how we can estimate its performance. Section 4
addresses the problem of constructing prediction intervals and shows that the intervals
are asymptotically valid and short with high probability.



2 Framework

As data-generating process, we consider a linear regression model that can be infinite
dimensional. The candidate models correspond to finite dimensional submodels of this
overall model. For simplicity, we assume that we do not have an intercept and that the
explanatory variables are centered.! We further assume that we have a block structure in
the data and that we would like to estimate and shrink the parameters corresponding to
the blocks differently.? Of course, there are different ways of shrinking in a block design,
we will discuss and further describe the one strategy we pursue. We use a training
sample to fit the models and measure the out-of sample predictive performance of each
model using the conditional mean-squared prediction error when repeatedly predicting
future observations keeping the training sample fixed.

More formally, as data-generating process we consider a response variable y, a se-
quence of stochastic explanatory variables = (;);>1, a sequence of unknown parame-
ters 8 = (B;)i>1 and an error term w that are related via

y= Zas“@z + u. (1)
i=1

Throughout the paper, we will assume that the error u is centered with variance o2 > 0,
that x is centered with variance-covariance matrix > = E[xixj]i21’j21 such that the z;’s
are not perfectly correlated among themselves, i.e., we require for each £ > 1 and integers
i1, ..., that the variance-covariance matrix of (z;,, ..., ;) is positive definite, that u
and z are independent and that the series converges in squared mean. The assumptions
made so far are rather standard and innocuous. We assume further that (y,x) is jointly
Gaussian. We heavily rely on Gaussianity because we need the conditional mean to be
linear and the conditional variance to be constant, a property that is fulfilled only for
the Gaussian distribution. Results of Steinberger and Leeb (2018) and Milovit (2015)
show that approximate linearity of the conditional expectation holds for a large class
of distributions. Ongoing work of Milovit and Leeb deal with the conditional variance
being approximately constant. We are confident that it is possible to get rid of the
normality assumption using their results.

We are given a sample of size n which will be denoted by (Y, X), where ¥ =
(M, ... y™) is an-vector and X = (z(M ..., 2"} is a nxoo net and where (), 20))
are i.i.d. copies of the random variables in (1). Further, we consider a collection of can-
didate models M,, that are finite-dimensional submodels of the overall model in (1),
where we restrict some components of 8 to zero. Each of these models can be identified
by a 0-1 sequence m = (m;);>1, where m; = 0 if the corresponding f; is restricted to
zero and where m; = 1 if 3; is not restricted. For every model m € M,,, we denote by
|m| the number of unrestricted components of 3, i.e., |m| = >_,5, m;, and we assume
that 6 < |m| < n.

Throughout, we consider fixed parameters 3, 02 and X as in (1), a fixed sample size
n and a fixed model m. Let BB(m) denote the estimator of § in model m. If m; = 0,
then the i-th component of 58 (m) is defined as zero. For the remaining components,
note the following: We write x(m) for those entries in x where m; = 1, and we write
X(m) for those columns of X that are included in the submodel m, i.e., X(m) is a
n X |m| matrix. Because (Y, X) consists of i.i.d. samples of the pair (y,z) it follows

We believe that including an intercept and non-centered explanatory variables does not change the
results qualitatively and that we can handle this task using similar methods as in Leeb (2009).
2For the unblocked case, see Leeb and Senitschnig (2015).



that (Y, X (m)) consists of i.i.d. samples of the pair (y,z(m)). Because we assumed that
(y,x) is jointly Gaussian, we know that the conditional distribution of y given a(m)
is Gaussian where the conditional mean is linear in x(m), i.e., equals z(m)’8 for some
appropriate |m|-vector 6, and the conditional variance is constant in z(m) and equals,
say, o%(m). Hence, we can write

Y = X(m)d +w (2)

where w ~ N (0, 0%(m)1,) for some o%(m) > 0 and where X (m) and w are independent.
We assume that X (m) consists of two blocks of dimension n X |m1| and n x |mq| with
|m| = |m1| + |m2| such that 3 < |my| and 3 < |mg|, i.e., X(m) = (X1(m), Xa(m)). We
can rewrite the model in the preceding display as

Y = Xl(m)ﬁl + X2(m)02 —+ w
= X1 (m)f; + X3 (m)f2 + w, (3)

where 07 = 01 + (X1(m)' X1(m)) "1 X1(m)' Xo(m)fe and X3 (m) = M;(m)Xa(m) with
Mi(m) = I, — X1(m)(X1(m)' X1(m)) "1 X1(m)’, i.e., the projection on the orthogonal
complement of the column span of Xj(m). On the probability zero event where the
inverse matrix does not exist, we use the Moore-Penrose inverse instead of the usual
inverse. Note that the two regressors in (3) are orthogonal so that we can estimate
07 and 6 separately. Let é}‘ and 6 be the least-squares estimators of 67 and 6o, i.e.,
07 = (X1(m)'X1(m)) " X1(m)'Y and 6y = (Xa(m) Mi(m)Xa(m))" Xy (m)' My(m)Y.
Let éf‘] S and é2J 9 be the positive part James-Stein-type shrinkage estimators that are
obtained by shrinking the least-squares estimators éf and ég, ie.,

é*JS = (1=¢ 6’2 m)— |m1| _ é*’ 4
: ( P o) ()

0% = [ 1 — c262(m) = [mal ~ é, )
’ ( ) G s tmy X3 s ), ®)

where (z); = max{z,0}, where ¢; > 0 and ¢z > 0 are tuning parameters and where
&2(m) is the usual unbiased variance estimator in model (2). Note that we can rewrite
the estimators as 0775 = (1 — ay(m)) 6% and 65 = (1 — az(m)) O, where the shrinkage
factors are

ar(m) =min{ 1, ¢,6%(m)= frma — 0,
o { 1 Xy X ()

sl (6)
az(m) = min {1, co6°(m) G5 (m) X5 () } .

Because of the definition of 8%, we set 875 = 0175 — (X1 (m)' X1(m)) 1 X1 (m) X2 (m)J5.
Hence, for the remaining |m/| components of 37 (m), we use the vector (675,65

We assume that we have a new copy of the random variables (y,x), independent
of the training sample, that we will denote by (y(®),2(®)). We predict 3 using the
predictor



The conditional mean-squared prediction error corresponding to model m will be denoted
by p?(m) and is defined as

g = | (170 - 4@) x|,

where the expectation is taken with respect to (y(*), (%)) and where the training sample
is treated as fixed. We are interested in the model that performs best within our class of
candidate models, i.e., we are looking for the minimizer of p?(m) over m € M,,. Because
p*(m) depends on the unknown parameters 3, ¥ and o2 in a complicated fashion, we
approximate it by an empirical counterpart that is defined as follows

Y'(I, — M Y Y'M Y
V(L= My(m)Y ¥ (m)

~2 _ ~2
P (m) = w16%(m) + w - .

)

where the weights equal

2 |m|

m + 1-— ag(m)2 — (al(m) — CLQ(’ITL))

wy = (1 —az(m))

||

+ (az(m) = a1 (m)(2 = ar(m) — az(m)) - —H—

wy = a1 (m)?,

wy = aa(m)? — ax(m) ™ 4 (asom) — a )y

n—|mi|+1

In Appendix A, we have a closer look on the derivation of p?(m). The following result
shows that for every model m the empirical mean-squared prediction error p?(m) is a
good approximation for the true mean-squared prediction error p?(m).

Theorem 1. For every fited m € M,,, we have for every € > 0

#[os 2] ) <ot (- (B) (1) s

where p?(m) and p*(m) are defined above. Alternatively, we can bound the left-hand side
in the preceding inequality from above by

Im|\° e
31|m| exp (‘” ( - n> 28279(1 + p(m))2(1 + s)2> ' (®)

where p(m) = 0'S(m)0/c?(m) and where ¥(m) is the variance-covariance matriz of
x(m).

This result shows that for any fixed model the true and the empirical mean-squared
prediction error are close to each other. Noting that p?(m) > o2 > 0, the term
p%(m)/p?(m) is always well-defined. On the probability zero event where p?(m) = 0,
log(p?(m)/p?(m)) should be interpreted as co. There are two different upper bounds
in the previous result. Both upper bounds depend on known quantities like ¢, n, |m|
and |mq|. The upper bound in (7) does not depend on unknown quantities whereas the
upper bound in (8) depends on the unknown signal-to-noise ratio u(m). For every fixed
model m, we can estimate the signal to noise ratio u(m) by (Y'Y/n)/6%(m) — 1. It
should be noted that both upper bounds do not tend to zero as € gets larger. We could
present a smaller upper bound but at the expense of a more complicated and complex
structure of the bound that does not clearly show the effect of the individual quantities.



3 Model selection

In this section, we use Bonferroni’s inequality to extent Theorem 1 to hold uniformly
over the whole class of candidate models M,, and we show how to use the result for
model selection. We will not assume that one of the candidate models is the true model
(because it is not the aim of the paper to find the true model). Rather we would like to
find a ‘good’ model for prediction out-of-sample, that is a model having a small mean-
squared prediction error. Because minimizing p?(m) is unfeasible, we minimize the
empirical mean-squared prediction error p?(m) instead. Lemma 2 and the subsequent
corollary motivate this approach.

Lemma 2. Consider a finite and non-empty collection of candidate models M., and let
rn = infenm, [ma| and s, = sup,,cpq, Im|. Then, we have for each e > 0

~2
P( sup pQ(m) > 5)
meMoy P (m)
T\ 2 $n\° g2
<oistiovo (-0 (2 (-2 )
< 1M |sn exp < "\ n/) 14397(1 + )2
where |M,,| denotes the number of candidate models in collection M,,. The result holds

uniformly over all data-generating processes as in (1). Alternatively, we can bound the
left-hand side in the preceding display from above by

log

(9)

Sn 2

9
1 Mp|sn =) memoa o) :
31| Mas eXP( ”( n) 28279(1+E)2d2> 1o

where the result holds uniformly over all data-generating processes as in (1) such that
Var(y)/o? < d for some d > 0.

We have two different types of exchangeable upper bounds. The upper bound in (9)
only depends on known quantities and is exponentially small in n if only 7, /n is not too
small and if s, /n and |M,,| are not too large. So we need the number of unrestricted
components in the first block to be large, more precisely, we need r,,/n to be bounded
away from 0, i.e., r,/n > n for some 7; > 0 and for all n € N. The models can also
not be too complex, i.e., s,/n should be bounded away from 1, i.e., s,,/n < 1 — 1y for
some 15 > 0 and for all n € N. Furthermore, we see that the number of models in
collection M,, can exceed sample size (and can actually be a large multiple of sample
size) but it can not be too large, e.g., complete subset selection is not possible. The
upper bound in (10) also depends on the unknown quantity d which is an upper bound
on the signal-to-noise ratio of the data-generating process and is exponentially small in
n if only s,/n, |M,| and d are not too large. Note that the factor s, outside of the
exponential term in both bounds is negligible.

A simple consequence of the preceding result is that the empirically best model is a
‘good’ model. For this purpose, let 7’ and m’ be minimizers of p?(m) and of p?(m),
respectively, i.e.,

m’ = argminp®(m), m’ = argminp®(m).
meM,, meMy,
Corollary 3. Let r, = infcpm, [mi| and s, = sup,,crq, |m| Then, we have for each
e>0
p ( p° ()
p*(m3,)

log

Tn 2 Sn 5 52
> 5) < 31| My, |y, exp (—n (;) (1 — Z) M397(2+5)2) , (11)



as well as
D[ A % 2
pe () T\ 2 5n\® €
P > <31 — — 1-—) ——— 12
( P2z = 5) < 31Malsn eXp( " ( n> ( n) wmorarer) Y

where M, denotes the number of candidate models in collection M,,. Both results hold
uniformly over all data-generating processes as in (1). Alternatively, we can bound the
left-hand side in (11) from above by

log

31| M oy 2 13
[Malsn exp (‘”( _Z) 28279(2+5)2d2>’ (13)

and the left-hand side in (12) from above by

31|M T 14
[Malsn exp <_”( - Z) 28279(1+s)2d2>' (14)
Both results hold uniformly over all data-generating processes as in (1) such that
Var(y)/o? < d for some d > 0.

The results in (11) and (13) show that the empirically best model is asymptotically
as good as the truly best model, in the sense that the true mean-squared prediction error
of the truly best model lies close to the true mean-squared prediction error of the em-
pirically best model. The results in (12) and (14) show that the empirical mean-squared
prediction error of the empirically best model lies close to its true mean-squared predic-
tion error. This implies that we can estimate the true performance of the empirically
best model just by plugging it into the empirical mean-squared prediction error.

4 Statistical inference

In this section, we construct prediction intervals and we show that these intervals have
the desired properties of being asymptotically ‘valid’ and asymptotically ‘short’.

For a fixed model m, the prediction error equals y(® — §(© (m). Conditional on
the training sample this prediction error follows a centered normal distribution with
variance p?(m). We will denote this distribution by L(m), i.e., L(m) = N(0, p?(m)).
Using this distribution to construct prediction intervals for y(Ol is infeasible because it
depends on unknown quantities via its variance p?(m). Let L(m) = N(0,p%(m)) be
an approximation to the true distribution and use this distribution to construct the
prediction interval. The next result shows that L(m) is close to L(m) in the sense that
their total variation distance is small with high probability.

Theorem 4. For a fired model m € M,,, we have for all € > 0

B (IIL(m) = Lm)lrv > )

Alternatively, we can bound the left-hand side in the preceding display from above by

m|\? e
3|m|exp <_" (1 N n) 1768(1 + 42)2(1 + ,u(m))2> ' (16)




This result together with Bonferroni’s inequality gives a uniform result over the whole
class of candidate models.

Corollary 5. Let r, = inf,,cnm, |m1| and s, = sup,,crq,, |m|. Then, we have for each
e>0

PﬁﬁﬁmewLonsz "

Sn\°

82
n)9ma+%ﬁ>’

Tn\ 2

< 31|My, s, exp (—n (;) (1 —

The result holds uniformly over all data generating processes as in (1). Alternatively,
we can bound the left-hand side in the preceding display from above by

Sn\?

82
1 My|sn =) TR+ ) :
3UM,|s CXP( ”( n) 1768(1+4€)2d2) "

The result holds uniformly over all data generating processes as in (1) such that
Var(y)/o? < d for some d > 0.

Because y(® — (9 (m) is distributed as L(m), we see that an infeasible prediction
interval for 3(©) with coverage probability 1 — a for some « € (0, 1) is given by

@(O) (m) £ Qlfoz/2p(m)7

where QQ1_4 /2 is the 1 —a/2 quantile of the standard normal distribution. The length of
this ‘prediction interval’ equals 2Q _ /2p(m) and is minimal for m}, with 2Q;_,/2p(my,).
Using p(m) instead of p(m) in the previous display, we define the prediction interval as

Z(m) : 910 (m) £ Q1_a 2p(m).

The length of this interval is minimized for /. The next results shows that the coverage
probability of Z(m?), conditional on the training sample, is close to the nominal one,
except on an event that has probability converging to zero as n increases under the same
conditions we had in the previous section.

Corollary 6. For every € > 0, we have that
|1 @)~ P e Z(iy))| < ¢ (19)

except on an event whose probability is not larger than

2

ity (< (2)"(0-%) i)

uniformly over all data generating processes as in (1). Alternatively, we can bound the
probability of the exception event from above by

Sn

31 Mylspexp (—n(1-2) — =
[Mals eXp( ”( n) 1768(1+4s)2d2>

uniformly over all data generating processes as in (1) such that Var(y)/o? < d for some

d>0.



The next result shows that the minimal length of the infeasbile prediction interval
lies close to the length of Z (7).

Corollary 7. For each € > 0, we have

P (Joe 2] = o) < vt (<0 (2)° (-2 ggirzzs) o

p(m;,)
uniformly over all data generating processes as in (1). Alternatively, we can bound the
left-hand side in (20) from above by

log

1 Py e 21
31| Mo sn exp (" ( - F) 7070(1 + 25)2d2) 1)

uniformly over all data generating processes as in (1) such that Var(y)/o? < d for some
d>0.

5 Conclusion

We have shown how to select a model that performs well for prediction out-of-sample and
how to use this model to construct prediction-intervals. We measured the performance
of a model by its mean-squared prediction error conditional on the training data (Y, X)
when repeatedly predicting over future observations, i.e., in our analysis we kept the
training data fixed and averaged over future observations. Fitting the models using
least-squares estimators was done in Leeb (2008) and Leeb (2009) and fitting them
using usual James—Stein-type shrinkage estimators was done in Huber (2013). In this
work, we have considered a larger class of estimators namely blocked James-Stein-type
shrinkage estimators. The models can be very complex in the sense that the number
of parameters can grow with sample size but can never exceed sample size, and the
collection of models can be huge, it can be much larger than sample size.

Because the true out-of-sample prediction error p?(m) is not known, we minimize its
empirical counterpart p?(m). First of all, we have shown that those two quantities lie
close to each other in the sense that P(|log(p?(m)/p?(m))| > €) is bounded from above
by a bound that is exponentially small in n under some restrictions (see (7) and (8) and
the discussion following that result). We have shown that the true performance of the
model /1 that minimizes 52 (m) lies close to the minimal true performance (see (11) and
(13)) and that we can use its empirical mean-squared prediction error to estimate its true
performance (see (12) and (14)). Designing prediction intervals, we have used again the
empirical counterpart p?(m) instead of p?(m). We have shown that the interval Z(m)
has actual coverage probability that lies close to the nominal one except on an event that
has a probability converging to 0 exponentially fast in n (see Corollary 6). Furthermore,
the length of this prediction interval is short in the sense that it is close to the length of
an infeasible prediction interval that depends on the unknown out-of-sample prediction
error p%(m) (see (20) and (21)). It should be noted that all our results are finite sample
results that hold for every sample size n, and that hold uniformly over a large class of
data-generating processes.



A Technical details for deriving p*(m)

To shorten the notation in the appendix, we drop the dependence on m in the notation
and we keep in mind that we always consider a fixed model m. Thus, let X(m) = Z,
Xi1(m) = Z1, Xa(m) = Za, 0%(m) = s and X(m) = E[z(m)z(m)’] = S. The model in
(2) then becomes

Y =260+ w, (22)

where w ~ N(0,s%1,,) is independent of Z. Because Z is divided into two blocks, we
also rewrite 6 as 6 = (07,6,) with 6; and 6y being a |m;|-vector and a |msl|-vector,

respectively, and S as
S11 Si2
S = ) 2,
(52,1 Sa.2

where S 1 is [mq| x |my], S12 is |mi| x [ma| and S 2 is [ma| x [ma|. Note that Sy 1 = 5] ,
because S is symmetric. For motivating the formula for 5(m), note that the true mean-
squared prediction error equals

pZ(m) _ (éBJS _ 9)/S(éBJS _ 9) + 527
where 6875 is the blocked James-Stein-estimator for  as defined in Section 2, i.e.,
GBIS _ 075\ _ (0775 —(Z120) 1 21 2,64°
e 645 ’
where 0375 = (1 — a1)0% and 045 = (1 — ay)fy with3

a1 = min c1§2ﬂ, 15, as = min 02§2%,1 , (23)
0% 71 2,07 0,2, M, Zo0,

where 32 is the usual unbiased variance estimator for s? in model (22) (of course 2 =

62(m), a1 = a1(m) and ay = ay(m) as in Section 2), where 6; = (Z,Z,)"'Z]Y and
0y = (ZLMy Zo) = ZLMLY with My = I, — Z4(Z} Z1) ' Z}. Let 6 = (6, 0})' be the least-
squares estimator in model (22) and note that 6, = 0F — (Z}Z1)~1Z} Zy05. Rewriting
the James—Stein-type shrinkage estimator for 6, as

éi’s = éT — aléT — (2121)7121229} + QQ(Z121)7121220A2
=07 — (Z12,) 7' 21 2205 — ay |0 — (Z{Zl)*lzgzgég} — a107 + ax0;
= (1 —a2)0 + (az — a1)0;

we see that the blocked James—Stein-type shrinkage estimator for 6 can be rewritten as

GBIS _ (1— ag)é + (a2 — ay) (9(;) ,

where 0 denotes a |mg|-vector of zeros. Note that the first term of this estimator has the
same structure as the usual James—Stein estimator with shrinkage factor as (see the last

: 1 2
3Umbenennen a; = asl ) und as = agl )

10



display on page 33 in Huber (2013)). Using this, we can rewrite the true mean-squared
prediction error as

p2(m) = (1 — az)0 — 0)S((1 — az)f — 0) + (az — a1)%07' SOF + s*
+2(ag — a1)07'[S1.1((1 — az)fy — 61) + S12((1 — az)fs — 62)).
We can rewrite the sum of the terms in the first line in (24) as
(1 —ag)%(0 —0)'S(0 — 0) + 2as(as — 1)(6 — 0)' S0 + a20'S6 + s

+ (a2 — a1)2(0; — 07) S1.1(07 — 07) + 2(az — a1)*(0; — 07)'S1,107 + (a2 — a1)0;'S1,167.
(25)

(24)

We can rewrite the sum of the terms in the second line in (24) as
2(1 — az)(az — a1) (6} — 67)'S11(61 — 61)
+2(1 — as)(az — a1)(0; — 07)'S1,2(02 — 62)
+2(1 —ag)(ag — al)GT’SLl(él —601) +2(1 —az)(ag — a1)91"5’172(é2 —05)
— 2a5(ag — a1)(0F — 07)'(S1.101 + S1.20)
— 2as(az — a1)07' (51,161 + S1,202).
Using that 0, — 0y = 0% — 0F — (Z,Z,)~*Z{ Z3(f2 — 63), we can rewrite the sum in the
preceding display as
2(1 — az)(as — a1)(07 - 07)'S1.1 (07 - 07)
+2(1 — ag)(ag — ay) (05 — 07)'[S1.2 — S1.1(Z4Z1) "1 Z} Z5) (B — 65)
+2(1 — az)(as — a1)(0F — 67 S1,107
+2(1 — az)(as — a1)0;'[S1,2 — S1,1(Z121) "1 2, Z5) (62 — 62)
— 2a(ag — ay)(0F — 07 (S1161 + S1,202)
— 2as(az — a1)07'(S1,1601 + S1,202).
Let Zo = Zy — 74 Si%SLg and note that the quantity in squared brackets in (26) equals

—81.1(Z,Z1)~' Z; Zy. Using this and collecting the terms in (25) and (26), we can rewrite
the true mean-squared prediction error as

p2(m) = (1 — a)*(0 — 0)'S(6 — 0) + >

+ (as — a1)(2 — ar — a2)(0; — 07)'S1.1 (05 — 67)

+a320'S0 + 2as(a; — a2)07'(S1,161 + S1,202) + (a2 — a1)2¢91"5’1,19f

+ 2ay(ay — 1)(6 — 0)'S0

+2(1 — ay)(az —ar) (67 — 67)' 51,107

+ 2ag(a; — ag) (B — 07)'(S1.101 + S1.262)

+2(1 — ag)(ay — ag) (02 — 02) 257, (Z, Z,) 151 167

+2(1 — ag)(ay — ag)(0F — 07) S1.1(Z,2,) " Z} Zy (05 — 05).

Using the fact that 07 = 6, + Si%Sl’QGQ + (Z{Zl)’lZ{ZQGQ, we have

07'(S1,101 + S1,202) = 0751101 + 20151 205 + 9’252,15177%51,292

+ (811601 + S1202)(Z1 Z1) 1 Z} ZoB
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as well as

0751107 = 0751161 4 20151 262 + 0555157 151,202
+2(S1,101 + S1202)(Z121) "' Z1 Zos
+ 0525 71(Z, Z,) " 811(Z, Z0) " Z} ZaBs.
Noting that 6}y 161 + 201 S1,202 + 05521571 51,202 = 0/S0 — 05(S22 — S2,157151,2)02,
the third line in (27) equals
a%(ﬁ’SG — 9/2(52’2 — 52’1517’1151’2)92) + 039/2(52’2 — 52,1Si%51,2)92
+ 2a, (CLl — ag)(517191 + 51,292)(Z1Z1)_1Z12202
=+ (CL2 — a1)20'22£Zl(ZiZl)’lSM(Z{Zl)’lZ{ZQF)Q.

Using él -0, = éT — 9’{ — Si%SLg(éQ — (92) — (Z{Zl)_lziZQ(éz — 92), we see that

(é — 9)/50 = (él — 01)/(51’191 + 51202) + (ég — 92)/(S2,191 + S2,202)
= (éf —07)(S1,101 + S1,202) — (éz - 92)'ZéZ1(Z1Z1)71(51,191 + S1,202)
+ (A2 — 62) (S22 — 52,151_,%51,2)92
Using the formula for 07 as before in the fifth and seventh line in (27), we can rewrite
the true mean-squared prediction error as
p2(m) = (1 — a2)?(0 — 0)'S(0 — 0) + 5

+ (a2 — a1)(2 — a1 — a2) (05 — 07)'S1.1(0] — 07)

+ (Clg — al)QoéZézl(2121)715171(Z1Z1)71Z1Z~292

+ aj (0560 — 05(S2,2 — 2,157 151,2)02) + a305(S2,2 — 521571 51,2)02

+ 2&1(0,1 — a2)(517101 + 51’292)'(Z1Z1)_1212202

+2ay(a; — 1)(6% — 07)'(S1.101 + S1.262) (28)

+ 2(1 — al)(ag — al)(éf — 9;)/51,1(Z1Z1)_1Z12292

+ 2az(az — 1)(02 — 02)' (S22 — S2,1.57 1 S1.,2)02

—+ 2(11(]. — a2)(é2 — 02)/ZQZ1(Z£Z1)71(SL191 + 517202)

+ 2(1 — az)(al — a2)(é2 — HQ)IZézl(Z1Z1)715171(Z{Zl)71Z12292

+ 2(1 — ag)(al — ag)(éf — 9?)’51,1(Z1Z1)_1Z£22(92 — 92)
In the preceding display, note that the terms in line five to ten follow, conditional on
X1 or X, respectively, a centered normal distribution with a variance that is bounded
in probability, and it is easy to show that these terms converge to zero in probability.
The term in the last line is of the form w'Qw with trace(Q)) = 0 and w ~ N(0, 321‘m2|),
and it is not hard to show that this term also converges to zero (see Lemma B.3 and the
subsequent results). The two results in this section gives some distributional properties
of the terms involved in p?(m) and p?(m) and motivate that those two quantities lie
‘close’ to each other.

For integers £ > 1 and d > 1, let x%(u) denote a random variable that is chi-

square distributed with k degrees of freedom and noncentrality parameter p > 0, and
let Wi (S, d) denote a random k x k matrix that follows a Wishart distribution with scale
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matrix S and d degrees of freedom. We will write x7 as shorthand for x7(0). Further,
Ai(+) denotes the i-th eigenvalue of the indicated matrix. Because we only consider
eigenvalues of symmetric matrices, all eigenvalues are real and we assume that they are
sorted in increasing order, i.e., A;(:) < ... < Ag() if d is the dimension of the matrix.

Lemma A.1. Let the assumptions of this section hold. Let 6, = 6, +51_i51,292, b=10'50
and bg = 95(52’2 — 52’151771151,2)92.

(i) The term (0 — 0)'S(0 — 0) has the same distribution as s times the ratio of two
independent chi-square distributed random variables with |m| and n—|m|+1 degrees
of freedom, respectively, i.e.
2
6—0)S(H—0) ~ s>
Xn—|m\+1

The term (05 —07)'Sy 1(0F—07) has the same distribution as the term in the preceding
display with |mq| instead of |m).

(ii) The estimator 8% has the same distribution as a chi-square distributed random vari-
able with n — |m| degrees of freedom multiplied by s*> and divided by n — |m|, i.e.,

2
X’I’L— m
32 ~ g2 |m|

n—|m|’
(iii) Let Zoy =Ty — 2151_,%51,2- We have conditional on Z,
Zoby ~ N(0,by1,,). (29)

3 et P\ =2, 1) 241 an 1=1, — P;. e have conditional on 4,
iv) Let P, YA VA4 A d M 1, P. Weh diti [ Z
Y'PY ~ 8°xi,,(0'Z' P1Z0/s°), (30)
as well as
Y'MY ~ $X2 . (02 M1 Z0/5%). (31)

If by > 0, we have conditional on Z

0'Z' PLZ0 ~ byxt,, (01 Z1 Z161 /bs). (32)
If by = 0, we have
0'Z'PLZ0 = 0,7, 7,61 ~ 6,81 101X>. (33)
Furthermore, we have
0'Z' My Z0 ~ byx_ | (34)
and
0,21 2101 ~ (b— ba)X2. (35)

If 9'15'1,101 =0, by = 0 or b — by = 0, respectively, the distributions should be
understood as point mass at 0.

13



(v) Conditional on Z;, we have

ZyMy Zy ~ Wiy (S22 — S2,157 151,2,n — |ma)).

Proof. By assumption, the rows of Z are independent of each other and follow a normal
distribution with mean vector zero and variance-covariance matrix S that is a symmetric,
positive definite and unknown |m| x |m| matrix. By assumption Z; and Z5 are matri-
ces whose independently distributed rows follow a centered normal distribution with
variance-covariance matrix 511 and Sz o, respectively. Recall that S22 — 52157 1819
is the Schur complement of S;; in S and note that it is positive definite because S is
positive definite.

Proofs for the statements in (i) and (i) are well known but can be found in Lemma
C.2 in Huber (2013).

(iii) Note that Z, has independent rows that follow a normal distribution with variance-
covariance matrix Sp o — Sg’lSillSl,g and that it is independent of Z;. This fact
is well known if Z; and Z would be multivariate normal vectors. For the more
general case of normal matrices, see for example Corollary 3.3.3.1 in Mardia et al.
(1979).

(iv) First of all, note that P; and M; are idempotent matrices with trace(P;) = |m4| and
trace(M;) = n — |my|. Conditional on Z, we have Y ~ N(Z6, s*I,,) which shows
the first and the second statement. For the statement in (32), note that Z6 =
7101 + Z26s and use (29) to conclude that, conditional on Z;, Z6 ~ N(Zlél, ba1y,)
for by > 0. Note that b, = 0 implies that 85 = 0 and hence that Z6 = Z,6;. Noting
that Z161 ~ N(0,07S1,1611,,) completes the statement in (33). For the statement
in (34), note that 6’2’ M, Z6 = HéZéMleGQ and use the statement in (29). For the
last statement, note that Z;16; ~ N (0, 0751,1611,,) and that 6,.51,161 = b — bs.

(v) Recall that ZL M, Z5 = ZéMl Z and the distribution of Z, discussed in the proof
of (iil). The statement follows from Theorem 3.4.4 in Mardia et al. (1979).

O

Lemma A.2. Let V be a d X k, d > k, random matrix where the entries are i.i.d.
standard normally distributed random variables. Then each diagonal element of (V'V)~1
follows an inverse chi-square distribution with d — k + 1 degrees of freedom.

Proof. Let ((V'V)™1) ;) be the element in the i-th row and j-th column of (V'V)~!.
For the first diagonal element, partition the matrix V as V = (vy,V_1), where v; is the
first column of V and V_; are the remaining k — 1 columns of V|, i.e., vy is a d-vector
and V_; is a d X (k — 1) matrix. This entails that

[ viv1 vi Vo
ViV = (VI1U1 VL1V,1 ’

The partitioned inversion rule (see, e.g., Appendix A.2.10 in Johnston and DiNardo
(1997)) shows that the first diagonal element of the inverse of V'V is of the form
(vjvy — viV_1(V/,V_1)"'V/ uy)~L. This can be rewritten as the inverse of v]Quy,
where Q = I, — V_1(V/,V_1)"1V’,. Note that Q is symmetric, idempotent and has
rank d — k + 1. By assumption v ~ N(0,14) and hence v]Qui[|[V_1 ~ x3_,,; (see, e.g,
Appendix B.8 in Johnston and DiNardo (1997)). Since the conditional distribution is
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independent of V_;, the unconditional distribution coincides with the conditional dis-
tribution. This shows the statement for the first diagonal element. For the remaining
diagonal elements, let I’ be the k x k identity matrix with the i-th and the j-th column
interchanged. Premultiplying a k& x d-matrix by I ;] interchanges the i-th and j-th row

while postmultiplying a d x k-matrix with I]i"j interchanges the i-th and j-th column.
Hence,

(V'V) Naay = L V'V) LY ) = (LEV VL) ™y

and the result follows from the first part of the proof. O

B Proof of Theorem 1

In this section, we first give auxiliary results that are needed for proofing Theorem 1.
The proof of the theorem is given at the end of this section.

Lemma B.1. For a fixed integer d > 1, let v ~ N(0,13), and let A be a symmetric,
positive semidefinite and nonrandom d x d matriz. Then, we have for any € > 0 that

—4G(@A(A)) if A (A
P(v' Av — trace(A4) > ¢) < {e i Aa(4) >0 (36)
0 else
as well as
—4G(dAa(A)—e)
P(v' Av — trace(A) < —¢) < {S ijg < trace(4) (37)
else,

where the function G : (0,00) x (— trace(A), 00) — R is given by G(z,y) = y/x—log((x+
y)/x).

Proof. Throughout the proof, we denote the eigenvalues of A shorthandas A1 < ... < \y4.
Let UAU’ be the eigenvalue decomposition of A, where U is the matrix whose columns
are the normed eigenvectors of A and where A = diag(A1,..., ). If Ay =0, then A is
the zero matrix and the statements of the lemma are trivially fulfilled. Hence, from now
on we assume that Ay > 0. Because U is orthonormal, U’w has the same distribution as
w, i.e., U'w ~ N(0,1;). The left-hand side in (36) can be rewritten as

d d
P (w'Aw — trace(A) > ) =P (Z Nw? — Z Ai > s) (38)
i=1 i=1
—P (627:1 shiw] > es(€+221=1 /\,)) ,
where s > 0 is arbitrary. Use Markov’s inequality to bound the last term in the preceding
display from above by

d
e—s(e+2§=1 M)E [QZLI skiw?:| _ e—s(s+2f=1 Ai) HE [es)\,;w?} .

=1

Note that for every i, E[exp(sA;w?)] is the moment generating function of the chi-square
distribution with one degree of freedom. The moment generating function is finite for
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s\; < 1/2 and equals (1 — 2s)\;)~/2 = exp(—1/2log(1 — 2s);)). Hence, let s > 0 be
such that s\; < 1/2 for all 1 <4 < d or, equivalently, such that 0 < s < 1/(2Ag). Then,
the last term in the preceding display equals

14
exp (—2 Z |:28(5/d + ;) +log(1 — 28)@]) (39)

< eX; _(1—‘5 [2s(a/d + M) + log(1 — QW)D , (40)

where the inequality follows upon noting that the function in squared brackets in (39)
is nonincreasing in A; for all <. (Indeed, note that the first derivative with respect to \;
equals 2s — 2s/(1 — 2sA;). The last term is nonpositive because 0 < 1 —2X\;s < 1 as
noted in the paragraph preceding the last display.) For choosing the optimal s in (40),
we need to maximize the function fx,.(s) = 2s(e/d + Ag) + log(1l — 2sA4). The first
derivative with respect to s equals 2(¢/d + A\g) — 2Xq/(1 — 2s)4). Setting the derivative
equal zero and rearranging gives 1 — 2s*A\q = A\g/(¢/d + Ag) which is equivalent to

_ L B 1 _ e/d
20 2(e/d+Aa)  2Xa(e/d+ Aa)

*

Noting that 0 < s* < 1/(2\;) and that 62 fy, -(s)/0s*> = =423 /(1 — 2s\q)?, we see that
indeed s* optimizes the upper bound in (40). This shows the statement in (36). For the
lower tail bound in (37), use the same arguments as before to show that

d d
P (v'Av — trace(A) < —¢) =P (Z v < Z Ai — 5) :
i=1 i=1

The term on the left-hand side in the preceding display equals zero if Zle ANi—e =
trace(A) — e < 0. Hence, the second statement in (37) is fulfilled. Thus, consider the

case where ijl Ai —e = trace(A) —e > 0. Let s > 0 be arbitrary and use Markov’s
inequality to show that the last term in the preceding display can be rewritten as and
bounded from above by

P (678 Zle Aivf > e—s(—€+27:1 )\1)> < es(—s+z‘ii:1 )\,)]E |:67 Zgzl s)\iv?:|

— oS(TL (i—e/a) ﬁE [efwﬂ :

=1

As before E[exp(—sA;x?)] is the moment generating function of the chi-square distribu-
tion with one degree of freedom which is finite for —sA; < 1/2 (which is fulfilled because
s>0and \; > 0foralli =1,...,n) and equals (14+2s\;) /2 = exp(—1/2log(1+25);)).
We can rewrite the last term in the preceding display as

1
exp (2 Z {25(5/(1 — ;) +log(1+ 25&-)]) (41)

< expi _(l—j {QS(E/d — \g) + log(1+ md)D , (42)

where the inequality follows upon noting that the function in squared brackets in (41)
is nonincreasing in \;. (Note that the first derivative with respect to A; equals —2s +

16



2s/(1+2sX;). This is nonpositive as 1 < 142s);.) In order to choose the optimal s > 0,
we need to maximize the function f_», -(s), where f was defined before. Setting the first
derivative with respect to s equal zero and solving for s gives by the same arguments
used in the derivation of the upper tail bound

B e/d
o 2)\d(>\d - E/d)

ok

S

Noting that Ay — e/d is positive because d\g > Z?:I A; > € here, we see that s** > 0.
The second derivative of f_,, c(s) with respect to s equals —4A2/(1 + 2\4s)? which
shows that s** > 0 is a maximizer and ends the proof. O

Corollary B.2. Under the assumptions of Lemma B.1, we have for each € > 0
2

P (|v' Av — trace(A)| > ¢) < {QGXP <7dm> if ha(4) >0 (43)

0 else.

Proof. The statement follows from Lemma B.1 by noting that G(dAs(A),e) equals
M(0,e/(dAg(A))), where M(-,-) is defined in Lemma C.3 in Huber (2013), together
with Lemma C.4 in Huber (2013). The later lemma shows that M (z, —y) > M(z,y)
for z > 0 and 0 < y < 1 and that M(0,y) > y?/(2(y + 1)) for y > 0. Hence, we
have for € < trace(A) that G(dAg(A), —e) = M (0, —e/(dAq(A))) > M(0,e/(dAa(A)))
G(dXa(A), ) because €/(dN\g(A)) < e/ trace(A) < 1 here, and that M (0,e/(d a(A)))
22/ (2dAa(A) (e + dAa(A)).

Lemma B.3. Letv ~ N(0,14), and let A be a symmetric dxd matriz with trace(A) =
Then for each € > 0, we have

S VAN

P (o' Av| > ¢)
- {Qexp (—4G(dNa(A),£/2)) + 2exp (—4G(—=dMi(A),£/2))  if Aa(A) >0
10 else,

where G(-,-) is defined in Lemma B.1.
Proof. Because trace(A) = % \;(A) = 0, we either have Ag(4) = 0 or Ag(4) > 0. If

i=1
Aa(A) = 0, all eigenvalues are zero which implies that A is the zero matrix (because it is
symmetric) and the statement holds trivially. From now on, we assume that Ag(A) > 0
implying that A;(A) < 0. Let UAU’ be the eigenvalue decomposition of A. Let A" be
the matrix A where all negative entries are substituted by 0, and let A~ be the matrix
A where all nonnegative entries are substituted by 0. Note that A = AT + A~. Hence,

we have
v' Av — trace(A) = v'UATU v — trace(A™) + v'UA"U'v — trace(A ™).

Because U is orthonormal, we see that U’v has the same distribution as v, i.e., U'v ~
N(0,1;). The left-hand side of the statement can then be rewritten as

P (o' Av — trace(A)| > €)
< P (Jo'Av — trace(A1)| > £/2) + P (|v'Av — trace(A™)| > /2)
=P (|v'ATv — trace(A™)| > £/2) + P (|v/ (=A™ )v — trace(—A7)| > £/2) .

Because AT as well as —A~ are positive semidefinite by construction and because
Aa(AT) = Ag(A) > 0 and N\g(—=A~) = —A1(A4) > 0, the result follows from Lemma
B.1. O
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Lemma B.4. Let v ~ N(0,1;), and let A be a d x d matriz such that trace(A) = 0 and
AA =0, ie., the d x d matriz consisting of only zeros. Then, we have for every e > 0

P (/o] > &) < {4eXP (*%G(d\/m, 5/2)) i Aa(A+ A)) >0
o

else

where G(-,-) is defined in Lemma B.1.

Proof. Let A’ be the transpose of A and set B = (A + A’)/2. Then, B is symmetric,
trace(B) = 0 and v'Av = w’Bw. Note that \;(B) = N\j(A+ A")/2 foralli=1,...,d.
If \y(B) = 0, then all eigenvalues of B are 0 (because trace(B) = 0) implying that B
is the zero matrix (because B is symmetric by construction). Noting that Ay(B) = 0
if and only if A\y(A + A’) = 0, the second line of the statement is trivially fulfilled. If
Ad(B) = M(A+ A")/2 > 0, we can use Lemma B.3 to bound the quantity of interest
from above by

2exp (—ZG(d)\d(B),eﬂ)) +2exp (—ZG(—dAl(B),g/z)) .

Note that (A;(A+ A’))? = X;((A+ A’)?) for some i and j, that (A+ A")2 = A/A+ AA’
by assumption and that A’A and AA’ have the same eigenvalues. Hence 0 < A\y(B) <
1/2\/Aa(A7A+ AA") < 1/2/2)4(A’ A) by Weyl’s inequality. Using the same arguments
as for A\g(B), we have 0 < —A1(B) < 1/24/2X;(A’A). The result follows from the fact
that the function G(-,-) is nonincreasing in its first argument. O

Corollary B.5. Under the assumptions of Lemma B.4, we have for each & >0

4 — e? ) ,
P(v'Av|>e)<{ ( d4d\/QAd(A’A)(€+d\/2>\d(A’A))) i Aa(A+A") >0

0 else.

Proof. The statement follows from Lemma B.4 by the same arguments as Corollary B.2
follows from Lemma B.1. O

The next two results are standard. We state it only for the sake of completeness.

Lemma B.6. Let w ~ N(0,72) with 72 > 0. Then, we have for every € > 0
P (jw| > ) < 2exp (—°/(277)) .
Lemma B.7. We have for every k € N and every e > 0
P(xi/k—1>¢) <exp(—ke?/(4(c +1)))
as well as
P(|xi/k—1| =€) < 2exp (—ke?/(4(e + 1)) .

Lemma B.8. Fiz integers d >k > 1. Let x3(Baq) and Bq > 0 be real random variables
such that x3(Bg) follows conditional on Bq a noncentral chi-square distribution with k
degrees of freedom and noncentrality parameter By. Then for any € > 0, we have

P(‘Xi(f S 25) =2k {e’{p (‘d4<e+2<k7;+3d/d>>)] (44
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as well as

v (X%(dBd) S ze) <Elew (‘d4<e+2<k/€c2z+3d/d>>>] - )

Proof. Rewrite the left-hand side in (44) as

2
Xi.(Ba) d H
E|P(|s2—=—-1|> B
[ (’k‘—i—Bd =kt Bl
and use the Chernoff bound for the noncentral chi-square distribution as in Corollary

C.5 in Huber (2013), conditional on By, to bound the term in the preceding display from
above by

28 [oxp 4(6;//<Eck(+k§f 25)) =2 e (s 2<Z )] W

The proof of the second statement is the same but using the one-sided version of the
tail bound of the noncentral chi-square distribution. O

Lemma B.9. Let W follow a Wishart distribution with scale matriz I, and d > k > 2
degrees of freedom, i.e., W ~ Wy (I, d). Then, we have for every v; € [0,1)

P (M (W/d) <31 = Vi/)?) < exp (—d(1 = 1)*(1 = VE[D?/2).

Furthermore, we have for every e > 0

P ()\d(W/d) > (1+ /kjd+ 5)2) < exp (—d=2/2) .

Especially, we have for every ~o > 0

P (Ma(W/d) = (14 92)2(1+ VE/d)?) < exp (~di3(1 + V/k/d)/2)

Proof. The lemma follows immediately from Theorem 2.13 in Davidson and Szarek
(2001). A detailed proof of the first statement can be found in Huber (2013) (see
Lemma C.11, Corollary C.12 and the following remark). O

Lemma B.10. Let V be a random d x k matriz, d > k, with i.i.d. standard normally
distributed entries. Then for e > 0, we have

'

trace ((V'V)™1)

2

trace (V') ) 2€>§2kexp(—<d—k>6), (a7

k/(d—Fk+1) -1

8(e +1)?

as well as
r(

where trace((V'V)~1) is to be interpreted as 1 if V'V is not invertible.

e2(1 - k/d)?
(el —k/d) + 1)2) ’

_ Y > < —(d —
d—k‘—l—l‘_g)_leXp( (d k')8

(48)
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Proof. Tt suffices to consider only the case where V'V has full rank as this happens with
probability 1. Lemma A.2 shows that the trace of (V/V)~! is the sum of k random vari-
ables that are not independent and where each follows an inverse x2_, 1-distribution.
Hence, the left-hand side in (47) equals

> ak)

E
d—k+1
P ()
i=1 Xd—k+1
Use the triangle inequality to bound the sum in the preceding display from above by

d—k+1 d—k+1 d—k+1
kp(‘ﬁ_l‘m) :kp(ﬁﬂﬁ)wp(ﬁq_g).
Xd—k+1 Xd—k+1 Xd—k+1

Note that the term on the far right-hand side equals zero if ¢ > 1. The sum on the right
hand-side in the preceding display can be rewritten as

2 2
Xd—k+1 € Xd—k+1 €
KPPl ——— -1 ——— kP | ———— —-1>
(d—k+1 = 1+s>+ (d—k+1 —1—5)’
where the second term is to be interpreted as zero if ¢ > 1. Noting that ¢/(1 —¢) >
e/(1+e¢) for € € (0,1), we can bound the sum in the preceding display from above by

2
Xd—k+1 €
kP | |———— -1 .
Odk+1 ’>1+5)
Use the tail bound for the chi-square distribution as in Lemma B.7 to bound the term
in the preceding display from above by

2
2k exp <—(d— k+ 1)4(1+€)(2€+1)) )

which is further bounded from above by the right-hand side in (47). The second state-
ment follows from the first statement by rewriting it as

|

and noting that e(d —k+1)/k > (1 — k/d). O

k/(d—k+1) k

trace (V'V)™1) ‘ - d—k—i—l)

The next result is rather technical and is separated from the proof of the theorem
for the better readability.

Lemma B.11. (i) Let 1,22 € [0,1] and y1,y2 > 0 and let ki, ko, k,d € N such that
ki+ko=k<d. Let

k k1
q= (1 — xQ)Qm —+ (I’Q — 1‘1)(2 — T — Ig)m + 1 +l’%y1 +l’gy2
k1
— 27
+ (z1 — 22) d_k1+1y2-
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Then, we have the following inequalities:

k k1
(1 7$2)2d_ 1 + (.CEQ *$1)(2 — I 7$2)m
2 2 kl 1
+1—x2—(x1—x2)d_k1+1/q§1_k/d (49)
1/q < ! <1 (50
/1< L+ y1 + y2ke /d(1 — k1 /d) — (50)
2 2 k1 ! < L 51
i G k1+1‘/q_ 0k Ty =1 Fjd Y
(i1) For x € [0,1], the following inequalities hold true:
2(1—2)°/9 < (1 - Va)* (52)
31-2)°/4< (1) (53)
For z,y € (0,1) such that x +y < 1, we have the following inequalities:
31—z —y)°/A<(1—Vy/(l—2))*(1 - ), (54)
(1-z-y)°/2< (1 - Vy/(l-2)*(1 - v2)*(1-2) (55)
8(1—2—y)°/45 < (1 = y/(1 - 2))*(1 = V), (56)
8(1 -2 —y)°/165 < (1 - /y/(1 - 2))*(1 = Va)'(1 - ), (57)
31—z —y)°/4< (1 Vy/(l-2))> (58)
Proof. (i) We will show that the left hand-side in (49) is bounded from above by d/(d —

k + 1) which implies the statement. Bound ¢ from below by

k k1
- — )2 -z —ap)———— 4+ 1.
d—k—f—l +(Z‘2 1‘1)( I 332) +

= (1 — x9)?
@ =(1-e) d—k +1

We need to show that the term in absolute value on the left hand-side in (49) multiplied
by (d — k+ 1)/d is bounded from above by ¢;. Hence, we have to show that

k k d—k+1
(e gy + @ mmC = ey ) (1)
d—k+1 ,d—k+1 Sk d—k+1

1— _ METMT S
+ R e ety
as well as
k ky
1— )t )2 — 3y — ap)— L
(1 —z2) d—k+1+(x2 r1)(2 — 21 xz)d—k1+1
k ki d—k+1
1— 292" —a) (2@ — ) AT
+ (1 —22) d+(962 r1)(2 -2y xz)dd—k1+1
ki d—k+1 d—k+1
_ ey e R B A A M
+1—(z1—x2) ddfk1+1+(1 x3) 7

is nonnegative. The term in the second-to-last display is nonnegative because k/(d —
k+ ].) Z kl/(df kl + ].), (1 - x2)2 + (IQ - 1’1)(2 — X — Zg) = (1 - .Tl)Q > 0 and
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1—(d—k+1)/d > 0. To show that the term in the preceding display is nonnegative, use
k/(d—k+1) > k1 /(d—k1+1)(1—k2/d) for the first term in the first line, that k/d > k1 /d
for the first term in the second line and that (d—k+1)/(d—k1+1) =1—ko/(d—k1 +1)
for the second term in the second line. Rearranging the terms, it is enough to show that

#ﬁﬂ <1 - %) (1= 22)? + (w2 — 21)(2 — 21 — 22))

+ L} ((1 —x9)? 4 (w2 — 21)(2 — 21 — 352)) +(1 - Ig)diflafrl

d
ke d—k+1

1= () — )2t =R+l
SR R b ey e

is nonegative. The inequality in the third line in the preceding display holds because
kl/dé 1, (d—k—f— ].)/(d—kl + 1) <1and z{,20 € [0,1]

To show the inequality in (50), note that ¢ is bounded from below by 1+ z%y; + x3y2 +
(r1 — 22)%y2k: /d because k/(d —k+1) > ki /(d — k1 + 1) > k1 /d and (1 — 22)? + (22 —
21)(2 — 21 —x2) = (1 — 21)? > 0. Hence, we need to show that

k1 k1 k1
1—af 4y, {m% - x%g (1 - d) + (21 _I‘Q)Qd:l > 0.

Rewriting the sum in squared brackets as 23k1/d + (2 — 21k1/d)? shows the statement.
The second inequality in (51) is clear. To show the first inequality in (51), we will show
that the term on the far left-hand side is bounded from above by 1/(1—k; /d+y2) which
implies the first inequality. The second inequality is immediate by recalling that y, > 0.
Note that ¢ is bounded from below by

k1

14 22 R
+ 1+ 25y2 + (21 — 22) R

k1
=(1-x)>———
o

because k/(d —k+1) > ki /(d — k1 + 1) > 0. Thus, it suffices to show that

k k k
—¢2 < (w§ — i+ (o - xz)2d—k1+1> <1 - +y2> < g

or, equivalently, that

by F a
1—a)?—— 2 ) a
( x1)dk1+1+(x2+($1 xz)dkwl)( d>
k : . . (59)
1
#1-atB (15 e |20+ 201 - -t 20
as well as
kl ]{51 kl k'l kl
Lo (1= ) toig (-7 ) ~ @ —w)’ oy (1=
m( d)”ld( d) (1 ~2) d—’ﬁ“( d> (60)
kq k1
l—2) o= +ai =y >
+( 1) d_k1+1+1‘1d92_0

holds. To show the inequality in (59), note that the sum of the first four terms is
nonnegative because 1, k;/d € [0,1]. Hence, we are left with showing that the sum of
the terms in squared brackets is nonnegative. Using that k1/(d — k1 + 1) > k1/d and
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that 1 > k1/d, it is enough to show that 223 + 2(z1 — 22)? — 23 > 0. But the left
hand-side of the preceding inequality equals 423 — 4z129 + 23 = (222 — 21)? > 0. To
show the inequality in (60), note that the sum in the second line is nonnegative. Using
(1 —Fky/d)k1/(d — k1 +1) < ky/d, we can bound the sum in the first line from below by
1 — a2 — 22(ky/d)? + 2x 29k /d = 1 — (21ky/d — 22)2. But this is nonegative because
x1,Tg, kl/d S [0, 1]

(ii) Define f,4(s,t) = (s — Vt)*(s + v/t)? for a,b € N with a < b and s,¢ € R with s > 0
and 0 < t < s2. Note that the function is nondecreasing in s and that

Ofan(sit) (s =V s+ Vt) !

5t = NG (s(b —a) — Vt(a + b))

and that

2 s s — a—2 s b—2
& fgig A _ oVl 4t\(/i+ = [Sg(a—b) +5*Vi(a—b)®

+st(a—b)(2a+2b— 3) + tvE(a + b)(a+ b — 2)]

The functions f, ;(s,t) have an extremum at t* = s2(b — a)?/(a + b)? with the value
fap(s,t) = a®b(2s/(a + b))*T. (61)

This a maximizer because the term inside the squared brackets in the second-to-last
display evaluated at t* equals —4ab(b — a)s®/(a + b)? which is negative because a < b
by assumption.

The inequalities in (52) and (53) are equivalent to 9/2 > (1 — /z)(1+ /x)® = f15(1, )
and to 4/3 > (1 — /2)?}(1 + v/z)% = f35(1,2). Using the formula in (61), we see that
f15(1,2) <5°/3% and that f35(1,2) < 3%5°/4®% which shows the statement.

In order to show the inequalities in (54), (55), (56) and (57), it is enough to show
that (vV1I—2 — 9)*(V1—a+%)° = f35(v/1—x,y) is bounded from above by 4/3,
2(1 — /7)2, 45(1 — \/7)*/(8(1 — z)) and by 165(1 — \/z)*/8, respectively. Note that by
(61) we have f35(v/1 —z,y) < 3255(1 — x)*/48. For the inequality in (54), we need to
show that 3355(1 — ) /4% < 4/3 which holds because z € [0,1). For (55), we are left
with showing that 217/(335%) > (1 — /z)?(1 + v/x)* = f2.4(1,2). The right hand-side
of the preceding inequality is bounded from above by 2!°/3% by (61) which shows the
statement. For (56), it suffices to show that 2'3/(3-5%) > (1—/z)(1+v/2)® = f15(1, ).
By (61), f1.5(1,2) is bounded from above by 5°/35. For inequality in (57), we have to
show that (14++/7)* < 11-2'3/(325%) which is true because (1++/2)* < 2% by assumption.

The inequality in (58) follows immediately from (54) because the right-hand side in (58)
is bounded from below by the right hand-side in (54).
O

The next two results collect the convergence rates of the main terms in the proof of
Theorem 1. In both results, we look at one fixed model m.

Lemma B.12. For each § > 0, we have

m 3 exX — 1)
P(7%(m)/r > exp(6)) < 22exp <|m1| ( - |n|) M) (62)
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as well as

3 2
P(p%(m)/r < exp(—0)) < 22exp <—|m1| ( — |nm|) m> , (63)

where

[m | 41

n—|my|+1

(64)

20, 2 PR [m|
+ai(p = p2) + azpz + (a1 — az) n_|m1+1u2>7

where a1 and ay are the shrinkage factors as in (23) and where p = 0'S0/s* and ps =
0’2(5272 - 527151_7%5172)02/82.

Proof. Let P = Zy(Z1Z1)"*Z; and My = I,, — P and rewrite p?(m)/r as

§2 Y'PY/s? m m
() (2 im0

n n
Y'M,Y/s?
L (1/8
n— |mi

1-— ,LLQ) +1
with

1 282 <(1—a2)2m+(a2—a1)(2—a1 —(12) |m1|

n—|m|+1 n—|my|+1

1o (o — a2 mal
+ Ao (CL2 al) " |m1| T 1 /7’,

ry = s%al/r,

mq |m1|
r3 = 82 <a§ — a%7 + (al — a2)2n—|1’nl|—~—1) /T.

Use Lemma B.11 (i) with 1 = a1, 2 = a2, y1 = 1 — p2, Y2 = p2, k1 = |mql,
k = |m| and d = n to conclude that |ri| < (1 — |m|/n)~1, that |rs] < (1 +
palmly /(1 — [m1|/n) + o — 1)~ and that |ra] < (1— |mal/n)~ (1 + p2) L. Let
o= (L4 pefmal|/n(l —ma|/n) + p—p2)7 and 72 = (1 —|ma|/n) (1 + p2)7 with
7 = exp(d) — 1 and note that we can bound the left-hand side in (62) from above
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d(E

Jon (-

Y'PY 0'Z' P70/ s?
r ( e |m1|+ 126/e >04le)
n n
0'Z' P, Z0/s? 0! 7! 7,6, | s>
+P< 1 /S —Mg‘m” B ol 1/8 >Oé37'1>.
n n n
o (65)
0, 7! 7,0
—HP( : lnl /e — (1= p2) >a47-1>
—HP’( Y'MY/s*>  n—|mi|+60'Z' M Z6/s* - a572>
n — |my] n — |mq]
( 0'Z' M, 720/ s2 >
— — k2| > T2 |,
n — |m|

where o; € (0,1),4=1,...,6 are such that Z _, oy = 1 and where 0, = 0, +57. 151 205.
The left-hand side in (63) is bounded from above by the same upper bound as in (65)
with 7 = 1 — exp(—6). Lemma A.1 shows that §2/s? ~ Xi*lml/(n —|m|) and we can
bound the first term in (65) using Lemma B.7 from above by

af(l — |m|/n)*r? )
ar(l—|m|/n)T+1) )

2exp (—(n ) (66)

For the remaining terms, consider first the case where ps > 0 and g — pa > 0. Recall
from (30) in Lemma A.1 that Y'PY/s?|Z ~ xfml‘(O’Z’PlZG/SQ) and use Lemma B.8
to bound the second term in (65) from above by

QEFW<?u%n+2vaff;zazww%»J]'

Integrating over the intersection of {00Z2'P1Z0/(s*n) < azm + polmal/n +
01217101 /(s*n)} and {021 Z101/(s*n) < aym1 + p — po} and its complement, we can
bound the term in the preceding display from above by

2.2
2 exp <n a7 )
4((a2+2a3+2a4)7'1+2(|m1\/n+u2|m1|/n+u—ug))
0'Z' P Z0/s? 0,2, 210,/ s>
+2P< ! /S —M2|m1|— 17171 1/8 >OZ3T1>
n

n n
0,2, 72,0,/ s>
+ 2P (11;1/8 — (o — p2) > a47'1> .

For the first term in the preceding display, use 71 < (1 4+ po|mi|/n + p — p2)7 and
\m1|/n + polma|/n+ p — pe < 1+ po|ma|/n+ p — po in the denominator followed by
72 /(1 + pa|my|/n+p—p2) > (1 —|m1|/n)7? in the numerator to bound this term from
above by

(67)

a3(1 — |my|/n)T? )
. (68)

2exp | —
P < 4 ((ag 4 2a3 + 204) T + 2)
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Recall from (32) in Lemma A.1 that 0'Z'P{Z0/s*||Z; ~ M2X|2m1|(él1zizlél/(52ﬂ2)) and
use Lemma B.8 to bound the sum of the third term in (65) and the second term in (67)
from above by

4E

( 0%712/#2 )1
exp | —n —— . (69)
Azt + 2(pelmal/n + 01217161/ (s*n)))

Integrating over the event {6 Z} Z,6, /(s*n) < a1 4 1 — p2} and its complement, using
pizlmal|/n 4 p— p2 < 1+ pofma|/n+p — p2 and 71 < (14 po|mal/n + p — p2)7 in the
denominator followed by 72/(u2(1 + pa|ma|/n + p — p2)) > |my|/n(1 — |my|/n)?72 in
the numerator, we can bound the term in the preceding display from above by

a3 (1 — |ma|/n)*r? 0,21 2,0, /s
4 - 3 qp ( AZr=2 777 . '
P < ™ (s + 2a0)r £ 2)) + - (14— p2) > aumy (70)

By (35) in Lemma A.1 we have that 6,2} Z,0,/s*> ~ (u — p2)x2. Using Lemma B.7
together with the fact that 71 /(p — p2) > 7 for the fourth term in (65), the third term
in (67) and the second term in (70) and collecting the terms in (68) and (70), we can
finally bound the sum of the second, third and fourth term in (65) from above by

a3(1 — |[my|/n)7? aj(1 — [mq|/n)*r
4 ((a22+ 203 + 204)T + 2)) dexp (_ 4(3(043 + 20u)T + 2))

+ 8ex ni
PUT " Haur+ 1) )

Recall from Lemma A.1 that Y'MY/s?[|Z ~ 2 (0'Z'M1Z0/s?) and use

n—|mq|

2exp (- "

Lemma B.8 followed by integrating separately over the event {6'Z'M;Z0/(s*(n —
|m1|)) < agme + 2} and its complement, we can bound the sum of the fifth and sixth
term in (65) from above by

ot}
2 exp (—(n - |m1|)4((a5 Do) 21 T M2)))

/Z/MZ 2
+ 2P (9 128/s
n — m|

9’Z’M1Z0/32

- M2
n— |m|

— U2 >0¢67'2> —|—P(

> ()467'2) .

Plugging in the definition for 75 and using 14p9 > 1 for the first term, recalling from (34)
in Lemma A.1 that 0'Z' M, 20/ s> ~ ”2X121—\m1| and using that ag7a /2 > ag(1—|mq|/n)T
we can use Lemma B.7 to bound the sum in the preceding display from above by

ag(l —|my|/n)*r )

4((as + 2a6) (1 — [mua|/n)T +2)
ag(l —|my|/n)*r? )

A(ag(l — |my|/n)T+1) )"

2exp [ —(n — |mq))
( (72)

+ 4exp (—(n — |mal)

Collecting the terms in (66), (71) and (72), we can bound the sum in (65) in the case
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where p2 > 0 and g — pg > 0 from above by
ai(1 — |m|/n)*r? )
A (1= [ml|/n)T +1)
03(1 — I n)7? ) + e (b a3(1 - m1|/n>272>
4 (o2 + 203 + 20u4)7T + 2) 4((as + 204)7T + 2)

(
eew <‘”4<aa+1>> 20 (0 i g fii)d”f'é?ff}fw )
( 63(1 = [ /n)*r? )

4(ap(1l — |mq|/n)T + 1)

2exp (—<n— jml)

—(n —[mal)

(73)

In the case where ps > 0 and u—pue = 0, we have that 0, = 0 and that 0'Z'PZ0/s?||Zy ~
“2X\2m1|' Hence, the fourth term in (65) equals zero and we can bound the fifth and sixth
term in (65) as before. For the sum of the second and the third term in (65), we can
use the bound in (68) and the tail bound of the central chi-square distribution as in
Lemma B.7 together with the fact that 71/(uz|mi|/n) > (1 — |m1|/n)7 to bound the
sum from above by

03(1 — | n)? 03 (1 — s |/n)??
2exp (‘”4 ((a22+ 20 + 204)7 + 2)) dexp <_|m14(a33(1 P 1)> '

This shows that we can use the bound in (73) also in the case where ug > 0 and p— o =
0. In the case where 2 = 0 and p — p2 > 0, we have that 6, = 0, that 0'Z'PZ0/s* =
9/1Z1Z191/82 = 9/1212191/82 ~ /.LX%, 0'Z'M,Z60 = 0 and that Y/M1Y/82HZ ~ Xi*\mll'
Hence, the third and the sixth term in (65) equals 0 and we can bound the sum of the
second and fourth term in (65) as before. Noting that 7o = (1 — |my|/n)7 here, we can

use Lemma B.7 to bound the fifth term in (65) from above by

a3 (1 — |ma|/n)*r? )

as(1 —|my|/n)T +1)

N

This shows that we can use the bound in (73) also in the case where us = 0 and
i — 2 > 0. In the remaining case where o = 1 — 2 = 0, we have that 6 = 0 as well as
Y'PY/$?||Z ~ X|2m1\ and Y/ MY /s?||Z ~ Xi*‘mll- The third, fourth and sixth term in
(65) equal 0 and we can bound the fifth term using the bound in the preceding display.
Bound the second term in (65) using the tail bound of the chi-square distribution as in

Lemma B.7 from above by

(L, a3/l
? p( 4<a2<n/|m1>r+1>>'

Hence, we can use the bound in (73) also in this case. Use the sum in (73) with 7 =

exp(d) — 1 and that y(exp(d) —1)+1 < exp(d) for any v € (0, 1) and (c; +2c;)(exp(6) —
1)+ 2 < (oi +2a; + 204) (exp(d) — 1) + 2 < 2exp(9) for any i # j # k € {1,2,3,4,5,6}
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and that 1 > 1 —|my|/n > 1—|m|/n to bound the left-hand side in (62) from above by
m\* af(exp(9) — 1)*
2 p (1) SR )
P < " ( n 4exp(9)
m|'\* a3(exp(d) — 1)?
2 P (5 L .1 A 0 B
+oexp < " ( n 8exp(d)

T dexp |m1| Iml) a§<exp<6>5;1>2>

8 exp(

1)
+ 8exp Texp(0)

) —

(
Iml ? a(exp(8) — 1)

(

)

(

8exp(d
2 _
+4dexp| —mnl|l-— M —aﬁ(exp(é ) .
n 4dexp(d

To balance the terms in the preceding display, we choose a; = ay = ag = 1/(3(14+v/2))
and ag = a3 = a5 = v/2/(3(1 + v/2)) which finally shows the statement in (62).

To show the statement in (63), use the bound in (73) with 7 = 1 — exp(—¢) =
(exp(d) — 1)/ exp(d) and note that y(exp(d) — 1) + exp(d) < 2exp(5) for any v € (0,1)
and (a; +2a;)(exp(0) —1)+2exp(6) < (o +2a;+2ax)(exp(d) —1)+2exp(d) < 4exp(9)
forany i # j #k € {1,2,3,4,5,6} and that 1 > 1 — |m4|/n > 1 —|m|/n. Hence, we can
bound the left hand—side in (63) from above by

m|\? o3 (exp(0) — 1)?
2exp (—n (1 a n> 8 exp(24) )
im|\* o3 (exp(8) — 1)
" (1 a n> 16 exp(20) )
m|\* o} (exp(6) — 1)°
~lml (1 N n) 316exp(25) >
1)

L Iml ) a3 (exp(8) — )

( 8exp(29)
o fr Il ede) ~ 12
n 16 exp(25
( ) —
To balance the terms in the preceding display, we use the same weights as above which
finally shows the statement in (63).

+ 2exp

( |m| ® a3(exp(s

1 M aﬁ exp(d
8 exp(26

n

O

Alternatively, we have the following result where the upper bound depends on the
quantity p!
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Lemma B.13. For each § > 0, we have

3
P(p%(m)/r > exp(d)) < 22exp <n < — |m|) (exp(4) — 1)* > (76)

210 exp(8)(1 + p)

as well as

3
P(52(m)/r < exp(—08)) < 22 exp <n <1 - |m|) (exp(0) — 1)° ) ()

n ) 840exp(20)(1 + p)
where
2 2 m| ||
r=s*(1-a)’————+(aa—a1)(2—a; —ag) ——— +1
(( 2)n_‘m‘+1 (a2 —a1)(2—a 2)n_‘m1|+1
(78)
ml\
+ a2 (p — p2) + aspe + (a1 —a 2 mal ,
(1= p2) + azpz + (a1 — az) iy B Y

where ay and as are the shrinkage factors as in (23) and where p = 0'S0/s* and po =
9’2(5’2’2 - Sg)lsi%51’2)92/82.

Proof. Use the bound in (73) in the proof of Lemma B.12 except for the third term.
This term originates from bounding the sum
> ()é3T1>

|

A ANEE: 0 7! 7,0, /2
+2P< 126/ *H2|ml‘* 14200 s >04371>-

0'Z'PiZ0/s*  lmi|  601Z]Z:6,/s>
n H2 n n

(79)

n n n

In the case where pa > 0 and g — po > 0, bound the sum in the preceding dis-
play from above by using the bound in (69) followed by integrating over the event
{6121 216, /(s’n) < auti + p — po} and its complement to get

045712/#2
dexp | —n
4((as + 2a4) 11 + 2(p2|ma|/n + p — p2))
o (égzgzlél /82
n

— (u—p2) > 0471> :

Bound the second term in the preceding display as in the proof of Lemma B.12 (cf. the
bound in (70)). For the first term use 71 < (1 + p2|my|/n + p — p2)7 and po|my|/n +
p— pio < 1+ po|mi|/n+ p— po in the denominator followed by 72 /(ua(1 + pz|m1|/n +
p—pz2)) > 72(1 — |mq|/n)/(1 + pz2) in the numerator to bound it from above by

a3(1 — |my|/n)r? >
4((as + 204)7 +2)(1 + p2) )

Sexp <n (80)

Bound the sum in (79) in the case where uy > 0 and g — pe = 0 recalling that 0, =0
and that 0'Z' Py Z0/s%|| Zy ~ MQX\lel and using Lemma B.7 from above by

azTt /12 )

4(azTy + palmy|/n)

4exp <—n
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Using a7y + po|mal|/n < (a7 + 1)(1 + po|ma|/n) < ((as + 204)7 + 2)(1 + pz|mal/n)
in the denominator followed by 77 /(2 (1 + pig|ma|/n)) > 72(1 — [ma|/n) /(1 4 p2) in the
numerator, we can bound the term in the preceding display from above by the term in
(80). In the case where us = 0, the sum in (79) equals 0 and can trivially by bounded
from above by the term in (80).

To show the statements in (76) and (77), we can use the bound in (73) where we
replace the third term by the term in (80). Setting 7 = exp(d) — 1 and using (a3 +
204 (exp(d) — 1) +2 < 2exp(d) and 1 — |mq|/n > (1 — |m|/n)? for the term in (80), we
can bound the left-hand side in (76) from above by the sum in (73) where we replace

the third term by
m|\* od(exp(8) — 1)
4 — e A
eXp( ”( n ) Bexp(d)(I+ pa)

Choosing the weights as in the proof of Lemma B.12 and using the fact that 1 <
14+ pe < 1+ u gives the result. To bound the left-hand side in (77), set 7 = 1 —
exp(—9) = (exp(d) —1)/ exp(d) and use (a3 +2a4)(exp(d) —1) +2exp(d) < 4exp(d) and
1 —|my|/n > (1 —|m|/n)? in (80). Hence, we can use the upper bound in (75) where
we replace the third term by

3
to (1 1) a1
n 16 exp(8)(1 + p2)
Using the same weights as in the proof of Lemma B.12 together with the fact that
1 <14 ps <1+ p gives the result. O

Lemma B.14. For each § > 0, we have

5 2
IP(pQ(m)/T > exp(0)) < (58 + 2|my|) exp (—|m1||mnl| (1 — |mn|) m>

(81)

as well as

13089 exp(20)
(82)

mi m|\° (ex —1)2
P(p2(m)/r < exp(—9)) < (58 4 2|m1]) exp <—|m1||n| <1 — |n|> (p(5)1)> ’

where r was defined in (64) in Lemma B.12.
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Proof. Recall the expansion of the true prediction error

p*(m) = (1 —az)*(6 - 0)'S(6 —0)
+ (az — a1)(2 — ar — ag)(0F — 07)'S1.1 (07 — 07)
+ (ag — a1)205 2572, (Z, Z,) "1 811(Z, Z21) "1 Z) Z26,
+2a1(a1 — a2)(S1,161 + 517292)'(Z1Z1)7121Z~292
+2a1 (a1 — 1)(07 — 07) (S1,161 + S1,2602)
+2(1 — ay)(ag — ay)(0F — 07)'S1.1(Z, Z,) "1 7} Z504
+2as(as — 1) (62 — 6)' ( — 82,157 151,2)02
+2a1(1 — az) (0 — 05)' Z (lel) 1(S1.1601 + S1.202)
+2(1 — ag)(a; — ag) (é2 02)' 252, ( 2, 21) 181 1(Z121) "1 2, ZoBs
+2(1 — ag)(ay — az)(0F — 07)'S1.1(Z, Z,) "1 Z} Zo (05 — 05)
+ 5% +a3(0/560 — 05(S2,2 — 52,1571 51,2)02) + a305(S2,2 — S2157151,2)02,
(83)

where a; and ay are the shrinkage factors as in (23). As before let = 6'S6/s? and s =
92(82 2 — SQ 151 151 2)92/8 and recall that Hn— 2 = 9 Sl 191 with 91 = 01 + Sl 151 292
Rewrite the sum of the first three lines and the last line in the previous dlsplay as

(- as)? [0- 0750 -0) - 7]

n—|ml+1

+ (ag —a1)(2 — a1 — a) [(é; —07) Sy 1(6F —07) — s2|m1|]

n—|my|+1

+ (a2 — a1)2 |:9/22£Zl (Z{Zl)_lSl,l(Z{Zl)_lZ{ZQGQ — 82,11,2 trace (51’1(2121)_1”

_ m|
+ (as — a1)? | s2ug trace (S1.1(Z! Z1)~ 1) — s2 _ml + 7.
( 2 1) |: M2 ( 1,1( 1 1) ) ugn_ ‘m1|+1

(84)
Hence, the term p?(m)/r is of the form
11
Z riﬂ + 13
i=i
where the r;’s involve the terms aj, as and 7, e.g., 11 = (1 — ag)?/r, where Ty,..., Ty
are the random variables in squared brackets in display (84) and T5,...,7T11 are the

random variables in the fourth up to the tenth line in (83), i.e., the part involving 0,
Z and S, e.g., Ts = (S1.101 + S1.202) (Z1Z1) "1 Z; Z265. Using this notation and setting
T =exp(d) — 1, we can bound the left-hand side in (81) from above by

11
S P(rl|I T > ir), (85)

where a; € (0,1),i=1,...,11 with ., @; = 1. The left-hand side in (82) is bounded
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from above by the same upper bound with 7 = 1 — exp(—d). Note that

rzs (1 +ai (i — p2) + azpz + (a1 — a2)2|ml|ﬂ2>
n—|mq|+1
2 2 || 2 (56)
>s <1+(a1 az) n—m1|+1'u2) > s

Using the third inequality for r and recalling that a; € [0, 1] and as € [0, 1], we see that
lr1] < 1/s2, |ra] < 1/s% aswell as |rq1| < 2/s%. For ua > 0 and p—pg > 0, use the second
inequality for  to conclude that |r3| = |r4| < (s%pa|m1|/(n — |m|y + 1)), and use the
first inequality for 7 to conclude that |rs| < (s%\/u2(p — p2)lmal/(n —[mq| + 1)) 1,
that |rg| < (s2y/— p2)~ !, that |ry] < (52\/u2|m1\/(n — |m1| +1))71, that |rg| <
(s*/m2)~ ", that |rg| < (s?/u — p2) ™! and that [rio] < (s*y/pa|ma|/(n — [mq] + 1)) 714
In the case where p2 = 0 it follows that 6, = 0, i.e., the zero vector, which implies that
T3 =T, =T5 =T; =Tg = T19 = 0. In the case where y — uo = 0, it follows that 6; =0
as well as 517151 = 51,101 + S1,202 = 0 and hence that T5 = Ts = Ty = 0. In these cases
the corresponding terms in (85) equal 0 and can be trivially bounded from above by the
bounds for the case ps > 0 and u — ps > 0, respectively, that are derived in the next
paragraphs. Hence, from now on we assume that us > 0 and p — us > 0.
Use Lemma A.1 together with the upper bounds of |r;| and |re| and the Chernoff bounds
as in Lemma A.1 and Lemma A.3 (i) in Leeb (2008) and the bound in Lemma C.8 (i) in
Huber (2013) to bound the sum of the first and the second term in (85) from above by

af(l — |m|/(n +1))*r? )
Aar (L= [ml/(n +1))T + 1)

a3 (1 — |mal/(n+1))*r° )
A (l = |my|/(n+ 1)) 7+ 1)2 )"

2 exp <—(n —|m|+1)
(87)

+20xp (] + 1)

Lemma A.1 shows that 2292/(5\//Tg)||21 ~ N(0,I,). Set V; = lel_j/2 and note
that n\,(Z1(Z,Z21) 1 S11(Z,Z,)7Z;) = AT 1 (V{V1/n) and that trace(S;1(Z;Z1)~") =
trace((V{V1)™1). Hence, we can use Corollary B.2 conditional on Z; together with the
upper bound on |rs| to bound the third term in (85) from above by

oxp (-n 32/ — ] + 1?7
2E { p ( AATHVIVE/n) (aslmal/(n — |my| + 1)T + )‘11(V1/V1/n))>} .

Note that the term in the preceding display is nonincreasing in A;(V{V;/n) and that V3
is a n X |mq| matrix that has i.i.d. standard normally distributed entries. Let

A= {M(V{Vi/n) > 73 (1 = V]mal/n)*}

for some 7; € (0,1). Integrate the term in the second-to-last display separately over
Ay and its complement, note that the integrand is bounded from above by 1 and use
Lemma B.9 on the complement of A; to bound the third term in (85) finally from above
by

2 exp <_m1| mal  odyin®/(n — lma| +1)*(1 — v/[ma/n)*7? )
n 4(azyi|mal/(n — [ma| +1)(1 = /Jma|/n)2T + 1)

s L= R

(88)

2

4The inequalities can be rewritten to have the form 2zy < 1 + 22 + y2 + z where z > 0.
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Bound the fourth term in (85) noting that trace(S; 1(Z121)~1) = trace((V{V1)~!) and
using (47) in Lemma B.10 together with the upper bound of |r4| from above by

2 2
a4t
P —(n— L A
il exp (=0 = I g 225 )
Use (29) in Lemma A.l1 to show that Ts||[Z1 ~  N(0,5%u2(S1161 +
S1202) (21 21)71(S1.101 + S1.202)). Use Lemma B.6, conditional on Zi, together
with the upper bound of |r5| to bound the fifth term in (85) from above by

2,20, _ _ 1)72
2E [exp <—|m1| ags ( 62)7,1/(71 LT” + Ur )] .
2(81,101 + S1,202)(Z, Z1/n)~1(S1,101 + S1,202)
We can bound the term in the denominator in the preceding display from above by
25%(u — p2) /A1 (V{Vi/n). Using additionally that n/(n — |m;| 4+ 1) > 1, we can bound
the term in the preceding display from above by

2 / 2
IR [exp <_|m10‘5/\1(V12V1/”)7)] .

Because also the terms Tg, T7, Ty, Ty and Tiq follow, conditional on Z, a centered normal
distribution, we will use the same arguments as for the fifth term, mutatis mutandis, for
bounding the summands involving these terms. Define Vo = Z5(S22 — 52,1 55%5172)—1/2

and note that V, is a n x |mso|-matrix that has i.i.d. entries that follow a standard
normal distribution. Note that the conditional variance of Ty is bounded from above
by s*(pu — p2)/A1(V/V1), that the conditional variance of T7 is bounded from above by
s /,CQA‘mzl(‘/Q‘/Q)/)\ (V{V7), that the conditional variance of Ty is bounded from above

by st /A ( V2M1V2), that the conditional variance of Ty is bounded from above by

st(u — ug))\|m2|(\72"72)/()\1(172’M1f/2)/\1(V1’V1)) and that the conditional variance of Tiq
2l (VaV2) /(A (V3 M Vo) X} (V{ V1)), Using the upper
bounds of the variances, the upper bounds on |r;| together with Lemma B.6 conditional
on Z and the facts that n/(n —|mq|+1) > 1 as well as (n — |mq|)/(n—|mq|+1) > 1/2,
we can bound the sum of the sixth up to the tenth term in (85) from above by

2 o (L)

A\ (V{Vi/n)r?
QAhnﬂ (V3Va/n)

Mwmwmfmn>>

is bounded from above by s*us\

+2E

2

+2E |exp [ —(n—|m

o
S
ol

Aﬂnﬂaw/m-@m}nkothn#>]
2A 1, (V3 V2 /)

exp 7|m1|0410/\1(V2M1V2/(n* |7731|)))\%(V1/V1/n)7'2 '
i ANE, (V3Va/n)

|ma]

+2E

In order to get upper bounds for the sum of the previous two displays, we need upper
bounds on A, (V5V2/n) and lower bounds on Ay (V{V1/n) and Ay (Vo MaVa/(n—|ma4l)).
Recall A; and define

Ay = (M (VEM{Va/(n — [mal)) > v3 (1 — /Imal/(n — [ma]))?}
As = { Ny (V3Va/n) < (14 73)*(1 + y/|ma|/n)*}
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for 72 € (0,1) and 3 > 0. Integrating the corresponding terms separately over
Ay, Ao, A3 and its complements, noting that the integrand is bounded from above by 1
and using Lemma B.9, we can bound the sum of the fifth up to the tenth term in (85)
finally from above by

e (_4,n1 aZ?(1 = Jmi[/n)*r )

2

2

__%ﬁu—wmwm%j

ayi(d = Vlmal/n)'r?
2 (1 4+ v3)2(1 + /|m2|/n)?

+%}{ID((”mlD%(l wwmmmwﬁ>

2
fmm%ﬁﬁ“— sl /(n —Jma))* (1 - ¢|uw%j
2(1 4 73)2(1 + /Ima|/n)?
|a%07f7§(1— m2|/(n_|m1|))2(1_m)472>

~im 41+ 3) (1 + y/Jmal /)

4J%m<4ﬂ—%fﬂgIWWW>+%m<wﬁﬂ+émﬂmj

(1= 72)%(1 - mwm—mnv)
2

+ 6exp <—n

The term Ty can be  rewritten as w'Qw  where Q =
Zl(Z{Zl)ilslﬂ(ZiZl)ilz{ZQ(ZéMle)71ZéM1 and where w ~ N(O,S2In) as in
(22). Noting that trace(Q)) = 0 and that QQ = 0, i.e., the zero matrix, we can use
Corollary B.5, conditional on Z, together with the upper bound on |r11| to bound the
last term in (85) if A\, (Q + Q') > 0 from above by

o (‘"Snm<w+ %m))] |

Recall from the proof of Lemma B.4 that A\, (Q'Q) > 0 in this case. In the case where
A (Q + Q') = 0, the corresponding upper bound equals 0. Note that M;Zy = M, Zs,
that

4E (90)

Q'Q = MVa(Va My Vo) T VaVi(ViVi) PV Va(Vy My V)~ V3 My,
that the term in (90) is nondecreasing in A\, (Q'Q) and finally that

1 )‘|m2\<‘72/‘72/n)
n(n = [mal) A (VM Va/(n — [ma]))A3 (V{Va /n)

M (Q'Q) <

Integrating the term in (90) separately over A; N Ay N As and its complement, noting
that the integrand is bounded from above by 1 and using Lemma B.9, we can bound
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the last term in (85) from above by

4 dexp ot CiT?
V2(1 +73) (a117272017 + 2v2(1 + 73))

+dexp ( A=) —y |m1|/n)2> +dexp <_n7§(1 + \/2mz|/n)2> (91)

2
+4exp< (1= 72)%(1 = /[mal/(n = |m1|>>2> |

2

where C1 = (1 — /Ima|/(n — [ma]))(1 — /|ma|/n)2\/1 — [ma|/n/(1 + \/Ima|/n).
Collecting the terms in (87), (88), (89) and ( 1) and using the facts that (n+1)(1—
n(

ma|/(n +1)* = (n+ 1)1 = |m|/(n + 1))° 1—|m|/n)®, n/(n —mi| +1) = 1,
Im1|/(n — |m1] +1)(1 — /Im1]/n)? <1 and that 1 <14 4/|ma]/n <2, we can bound

35



the sum in (85) finally from above by

ex —-n _M ’ 04%7'2
2 P( ( n) 4(041(1—|m|/(n+1))7+1)2>

+ 2ex -n <1 — |m|)3 a%7’2
P n ) Aao(l—|mail/(n+ 1)) + 1)2
e <_|m1| [rma 0371 - \/|m1|/n>472>
n

4(aszyiT + 1)

[ma | oiT?
2 — 1-—
+ 2l | exp < " ( n 8(ayr +1)2
a2y2(1 — my|/n)372
e (_|m1| 220 = /] /n)

2
+2exp ( ot (1 W) )
a2y (1 — /|my|/n)*7?
+ 2exp <|m1| 7 8(1 4+ 3)? ) (92)
+ 2exp (—n <1 |17;1> 05731 - ‘mzé/(n — |m1|))272)

]\ a8yir3 (L = VImal/(n — [mi]))® |ma|/n)?r
+2exp<—n<1— - ) 97172 o )
+ 2exp <_|m1|o‘107172(1 - Imzégl?;lﬂp;bg|i) [ma|/n)4r )
+4dexp | —n 0‘1171720

16v/2(1 + 73) (ammOn +4v2(1 + 73 )
riew <_n(1 e 3 W>2> +10exp ( 72?%)
100 <_n<1 =0 = VIl - |m1|>>2> |

where Oy = (1 — /|ma|/(n — [m1]))(1 — \/]m1|/n)?\/1 — [m1|/n. For the statement in

(81) use the bound in the preceding display with 7 = exp(d) — 1, note that a(exp(d) —
1)+ D < Dexp(d) < Dexp(20) holds for any D > 1 and « € (0,1) and that exp(d) >
1 > (exp(d) —1)2/ exp(26). Using this together with the inequalities in Lemma B.11 (ii),
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we can bound the left hand-side in (81) from above by

2exp (L5 /o)) + 2exp (02006l /)

| a2 o2
+ 2exp <_|m1|nl igl (0, m/n)> + 2|mq|exp (—n841/}(5, |m|/n))

3 2.2 3 2.2
+ 2exp <—|m1 CY;% (4, |m|/n)) + 2exp (—n a§71 P (0, |m|/n))
2, 4 2,2
azi 30573
2 — L0 S— 2 — 93
20 (il ST i) ) + 2w (<020 /) 03)
2,22 2 4.2
Qg1 73 Q107172
2 9172 2 |y |02
20 (-n gt 20 /) ) + 20w (o 752 el o)
2 4.2 2
a117172 3(1—m)
doxp [ —n—1N72 1 RN
o (—ngg 2 vl n) ) + 160xp (—n 200, ml )

+ 10exp (—rﬂfqp(a, |m|/n)> + 10exp (—nW@b(é, Iml/n)) ;

where ¥(x,y) = (1 — y)®(exp(z) — 1)?/ exp(2z). To balance the terms in the preceding
display, choose the weights to be a; = ag = 1/51, ag = 11/255, oy = 43/1530, a5 =
ag = ag = 5/306, ay = 19/306, ag = 21/510, a9 = 1/5, g3 = 137/255 and 71 = 72 =
1 — a1+/2/3, v3 = a1 /v/2. This shows the statement in (81).

For the second statement, use the bound in (92) with 7 = 1 — exp(—4) = (exp(d) —
1)/ exp(0), note that a(exp(d)—1)+Dexp(d) < (D+1) exp(d) for every D > 0 and every
a € (0,1) and that 1 > (exp(d) — 1)?/ exp(26). Using this together with the inequalities
in Lemma B.11 (ii), we can bound the left hand-side in (82) from above by

2 (s 2 G (s
exp (=008 mfn) ) + 2exp (-T2 el /o)

m 042 4 Oé2
+20xp (206, ) ) + 2l exp (~n Lo, ) )

2.2 2.2
+20xp (22206l /) ) + 2exp (<0286l ) )
oz} 30373
205 (g5 ST ) ) + 2exp (<0252 (0 el /)
5 05N s 5 BN s &
+ 2exp <—n16(1+,y3)21/)( 7m/”)> + 2exp <—|m1|360(1+73)4¢( 7|m|/”)>
o313 )
4 - 5
" eXp( " 33031 ) (11 4V )

2

+ 16exp (—nww(é, m/n)> 1 10exp <—n§’¢(5, |m|/n)>

3(1 —72)?

10 —
+ exp( n 3

v ml/m) .

To balance the terms in the preceding display, choose the weights to be ay = ag = 5/143,
ag = 541/10010, oy = 99/2002, a5 = ag = ag = 29/2002, a7 = 547/10010, ag =
73/2002, a9 = 1777/10010, a1 = 1030/2002, 71 = Y2 = 1 — a1 /v/6 and 73 = a1 /8
which shows the statement in (82). O
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Lemma B.15. For each § > 0, we have

m 5 ex — 2
P(p?(m)/r > exp(6)) < (58 + 2|ma ) exp <n < - ||) (exp(9) — 1) )

n ) 19371(1 + p)2 exp(20)
(95)

as well as

P(p*(m)/r < exp(—8)) < (58 + 2|m1|) exp ( (1 B |nm|) 225351e()ip-$-6,1)1)—2 elip(%)) )

(96)
where r was defined in (64) in Lemma B.12.

Proof. We take over some of the upper bounds from Lemma B.14 but use different
bounds for the third, the fifth up to the eighth and the tenth term in (85). As in the
proof of Lemma B.14, it suffices to consider only the case where s > 0 and p — pg > 0.
In the case where pp = 0 we have that f = 0 and hence that all of the above mentioned
terms equal 0, in the case where yu — ps = 0, we have that §; = 0 and hence that the
fifth term equals 0. In these cases we can trivially bound the corresponding terms by
the upper bounds that we will derive now. Use |r3| < 1/s? together with Corollary B.2
conditional on Z as before to bound the third term in (85) from above by

E |exp —”4)\11(V1/V1/n)(a37/2u2+>\11(V1'V1/”)) '
2 o ot )

As in the proof of Lemma B.14 let A; = {\1(V{V1/n) > v (1—+/|m1|/n)?} and integrate
separately over the event A; and its complement to bound the term in the preceding
display from above by (cf. the bound in (88))

2 exp 04371 (1-— V| mal|/ 4 72
4#2 azyi(1—+/Im 27 + p2)

+2exp<— L= )’ V“ )

For the remaining four terms, note that r > s?(1 + a?(u — po)) > s? which implies
that |rs| < 2a1/r < (s —p2)™t, |rel < 2a1(1 — a1)/s? < 1/(2s?), |r7| < 2/s?,
Irs| < 2a9(1 — az)/s? < 1/(2s%) and |rip| < 2/s2. Using these upper bounds together
with the arguments in the proof of Lemma B.14 to bound the sum of the fifth up to the
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eighth and the tenth term in (85) from above by

e [exp( REYGS)

n2a6/\1 (V{Vi/n)T )}
w— p2

+ 2E exp( BN (ViVa/m)7* )]

+ 2E |e

8#2)\|m2| V2V2/n)
a2\ (VM V) (n — [ma )T )
M2

oo (V3 M1V (n — ma |>>A%<va1/n>72>] |
8#2)\|m |(V2/V2/TL)

+2E |exp [ —(n — |m

+ 2 |exp (—(n — |mq])

Integrating the corresponding terms over Ay, Ao, A3 and its complements as in the proof
of Lemma B.14, mutatis mutandis, we can finally bound the sum of the third, the fifth

up to the eighth and the tenth term in (85) from above by
, 03yt — /)
exp
iz (a2 - VImal/n)>T + p2)
i |m1|/n>272>

+ 2exp

+ 2exp
= H2

[
[
( a2yi(1 = /Ima|/n)*r> >
[
s

20273(1 \/|m1|/n>%2>

+ 2exp

8#2 14+ 73)2(1 + /|m2|/n)?

208030 = Vmal/n = |m1>>272>

+ 2exp

2
+2exp [ —(n—|m 10’7172(1 [mal/(n — [ma]))2(1 — m)47_2>
8ua (1 4+ 43)4(1 + v/Imal/n)*
+ 10exp (n(lvl) (1 ;\/W) >+4exp (ﬂf” 1+W)2>
+4dexp (n(l —72)*(1 - |2mZ|/(n - |m1|))2> .

Plugging in 7 = exp(d§) — 1, using pz(a(exp(d) — 1) + pa) < (1 + p2)?exp(§) for any
a€[0,1], po <1+ pgaswellas 1 < 1+ /|ma|/n <2,1—|my|/n>1—|m|/n and
exp(6) > 1 > (exp(d) — 1)?/exp(2d) together with the bounds in Lemma B.11 (ii), we

39



can bound the sum of the first six terms in the preceding display from above by

(1 Il o3y exp(9) ~ 1)2
o (- (12 GRS

[mi | \® 30247 (exp(6) — 1)2
e (‘” (1‘ n) 8(1+u2)exp(25)>

2(1+ p — p2) exp(29)

(-5
e (_n (1 B |m1>5 oy (exp(8) — 1)? )
((-5)

3022 (exp(8) — 1)2 )

T4A(T + 3)2(L + ) exp(20)

® 30343 (exp(d) — 1)2>

2(1 + p12) exp(26)
+ 2exp <—n (1 — |m|)5 afo7173 (exp(9) — 1) )
n

2640(1 + v3)4(1 + p2) exp(29)

Hence, we can bound the left-hand side in (95) from above by the sum in (93) where
we replace the sum of the third, fifth up to the eighth and tenth term by the sum in
the preceding display. Choosing the weights to be a; = ay = 7/487, ag = 76/2435,
oy = 99/4870, a5 = 29/2435, ag = ag = 29/4870, oy = 87/974, ag = 29/974, g =
1901/4870, ayq = 941/2435, v = vo = 1 — a1+/2/3, 43 = a1/v/2 and noting that
1<14+p—pe <14+p, 1 <14 pu <1+ pas well as |m1|(58/|m1| +2) < |m1]64/3
gives the statement. To bound the left-hand side in (96), we use the bound in the
second-to-last display with 7 = 1 — exp(—9d) = (exp(d) — 1)/ exp(d) and the facts that
12 exp(9) (e(exp(d) — 1) + p exp(6)) < (1 + p2)? exp(26) for any a € [0,1], po < 1+ po
aswell as 1 < 14 +/|ma|/n <2, 1—|my|/n>1—|m|/nand 1 > (exp(§) —1)?/ exp(26)
together with the bounds in Lemma B.11 (ii) and get the upper bound as in the preceding
display. Hence, we can bound the left-hand side in (96) from above by using the sum in
(94) where we replace the sum of the third, fifth up to the eighth and tenth term by the
sum in the preceding display. Choosing the weights to be a1 = ag = 2/75, ag = 13/450,
ay = 17/450, a5 = 11/1000, ag = ag = 11/2000, a; = 743/9000, ag = 248/9000,
a1p = 649/1800, a1 = 581/1500, 71 = o = 1 — a1 /v/6, 73 = a1/+/8 and noting that
1<14p—ps <1+ pandthat 1 <1+ ps <14 pu gives the statement.

O

Proof of Theorem 1. The left-hand side of (7) can be rewritten as

(G o) o (G o).

We can bound the sum in the preceding display for any a1, as € (0,1) from above by

P (p*(m)/r > exp(ai€)) + P (p*(m)/r < exp(—(1 — ar)e))
+P(p*(m)/r < exp(—ase)) + P (pz(m)/r > exp((1 — an)e)) ,

where 7 was defined in (64) in Lemma B.12. Note that (exp(ae) — 1)?/exp(ae) >
(exp(ag) — 1)/ exp(2ag) > a?e%/(1 + €)? holds for any o € (0,1) and ¢ > 0. Using
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this fact together with Lemma B.12 and Lemma B.14, we can bound the sum in the
preceding display from above by

22¢ | (1 ™ G
o[ — _mINT_ age”
P n ) 210(1+¢)?

|| Im[\° (1 - a1)??
58 + 2 S SSNRLLLAN oy (R (LI R N G DAL
+ (58 + mlDeXp( Ima =5 n ) 13089(1 +¢)2

m|\*  a3e?
22exp | — UL R
edexp ( i ( n ) 840(1+¢)?

+ (58 + 2|my|) exp | —|m |M 1_@ SM
Ll exp U n ) 104771 +)2 )"

Choosing a; € (0,1) such that the exponents of the first two terms in the preceding
display coincide gives oy = v/210y/|mi|/n(1 — |m|/n)/(v/210y/|m1|/n(1 — |m|/n) +
v/13089). Doing the same for ay and noting that /|mi|/n(1 — |m|/n) < y/|m1|/n(1l —
Im1|/n) < 2/(3v/3) and noting that160+4|m:| < 160+4|m| = |m|(160/|m|+4) < 31|m|
because |m| > 6 gives the result in (7).

To show the result in (8), we use Lemma B.13 and Lemma B.15 together with the
inequalities discussed above and the facts that 1+ p < (1 + u)? and that 1 — |m|/n < 1
to bound the sum in the second-to-last display from above by

22 ex -n - M 5 a%gz
p n ) 2101+ p)2(1 +¢)?
m\ (1= ey
+ (58 + 2|my|) exp ( n ( n ) 22534(1 + p)%(1 +¢)2
]\’ oze”
22 —n|l-—
+ 22exp ( n ( n 840(1 + p)2(1 +¢)2

m\? (1 —ay)e?
+ (58 + 2|m1|) exp (-n <1 - ) 19371(1 + p)2(1 + 6)2> '

n

Choosing ay, as € (0, 1) such that the exponents in the preceding display coincide gives
a1 = v210/(V210 + v/22534) and as = v/840/(v/840 + +/19371). Noting that 160 +

4|my| < 31|m| as before gives the result.
O

C Technical details for Section 3

Proof of Lemma 2: By Bonferronis inequality the left-hand side in (9) is bounded from
above by

3 e (e =)
5 e (2 (-2 o)

meé&,
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where the inequality follows from (7) in Theorem 1. Replacing |m| by s, and |m;| by
rp in every summand gives an upper bound for the sum on the right-hand side in the
preceding display. The statement of the Lemma follows now by replacing the sum by the
number of summands. Alternatively, we can use the upper bound in (8) in Theorem 1
to bound the left-hand side in (9) from above by

|m| 5 52
> 3lmlexp (‘" (1 - n) 28279(1 + )2(1 + u(m))z) ’

meM,,

where p(m) = 0'S(m)0/0?(m). We can upper bound the sum in the preceding dis-
play by replacing |m| by s, in every summand. Noting that 1+ p(m) = (0?(m) +
0'3(m)0)/o?(m) = Var(y)/o?(m) < Var(y)/o? < d and replacing the sum by the num-
ber of summands gives the result.

O

Proof of Corollary 3: Because m?, is a minimizer of p?(-), the left-hand side in (11) equals
P(log(p?(mk)/p*(ms)) > €). On the event where p?(m}) > 0 as well as p?(m*) > 0,
which happens with probability 1, we have that
D (A * DAk AD (oA K ~2 *
p* () p* (1) p* () p*(m3,)
log =log 57— + log = + log .
p*(m,) p2 () p*(m;,) p*(m,)

Because m is a minimizer of p?(-), the second term is nonpositive and we can bound
the left-hand side in (11) from above by

A2 (25 *
p <log 02(77}:)
p*(1my,)
Using Bonferroni’s inequality, we can bound the sum in (97) from above by

3 []P’ <1og pm) a/2> +P (log zzg:g < —g/zﬂ .

2
vl p*(m)

< —5/2) +P (log ZEEZZ; > g/2> . (97)

Using the same arguments as in the proof of the previous lemma shows the statements in
(11) and (13). The statements in (12) and (14) are direct consequences of Lemma 2. [J

D Technical details for Section 4

Proof of Theorem 4: Recall that L(m) denotes a Gaussian distribution with zero mean
and variance equal to p?(m), i.e., N'(0, p?(m)), and that L(m) denotes a Gaussian dis-
tribution with zero mean and variance equal to p*(m), i.e., N'(0, p?>(m)). Using the fact

that [A(0, 52(m)) —N (0, p2 ()l = N0, 3% )/ (m)) —N(0, )l together with
Lemma D.1 in Leeb (2009), we have

_ Dlos(#20m)/p*m))| _ [108(5*(m)/p2(m)) |
N 2mexp(1) N 4

IE(m) = L(m) v (98)

Hence, the statements follow from Theorem 1 with 4¢ replacing €. O
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Proof of Corollary 5: Using the inequality in (98), we can bound the left-hand side in
(17) from above by

P ( sup ||L(m) — L(m)||rv > E) <P ( sup
meMy, meM,,

i)

The result follows from Lemma 2 with 4¢ replacing e. O

Proof of Corollary 6: Note that we have y(© € Z(m?) if and only if y(® — §©(m) ¢
[—Q(l_a/g)ﬁ(m;;), Q(l_a/Q)ﬁ(m;)] Denote the interval in squared brackets by A and
let L(m, A) and L(m, A) denote the probability of A under L(m) and L(m), respectively.
Note that the prediction interval was chosen such that Iﬁ(m;;, A) =1 — a. Hence, the
left-hand side of (19) can be rewritten as

[T, 4) = Loy, A)|.
But this term is clearly bounded from above by the total variation distance of }i(m;)
and L(m}) and the result follows from Corollary 5. O

Proof of Corollary 7: Because m} and M, are minimizers of p?(-) and p?(-), respectively,
we have the following inequality
A2 Ak A2 A oy
].Og 2(7?7‘7:) S log pQ(m:) S log pQ(m’:).
p? (1) p*(my;) p*(m3,)

We use the fact that log(p()/p(m?)) = log(p?(m)/p?(m?))/2 together with the
second inequality in the preceding display followed by Bonferroni’s inequality to get

P (log Pli) 5) <3 r (log ngZ; > 2g> .

p(ms,) e

Similarly but using the first inequality in the second-to-last display, we get

P (logm < —5) <3 r (log ZEEZ; < —25) .

meMy,

Taken together, we can bound the left-hand side in (20) from above by

S < log ’32(’”)‘ > 25)

2
vl p*(m)

and the result follows from the same arguments as in the proof of Lemma 2 with ¢
replaced by 2e. O
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